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DECAY ESTIMATES FOR FOUR DIMENSIONAL SCHRODINGER, 
KLEIN-GORDON AND WAVE EQUATIONS WITH OBSTRUCTIONS AT 

ZERO ENERGY 


WILLIAM R. GREEN AND EBRD TOPRAK 

Abstract. We investigate dispersive estimates for the Schrodinger operator H = —A + V 
with 1 / is a real-valued decaying potential when there are zero energy resonances and 
eigenvalues in four spatial dimensions. If there is a zero energy obstruction, we establish 
the low-energy expansion 

x{H)Pac{H) = 0(l/(logt))Ao -I- 0{l/t)Ai -\- 0{{t\ogt)~^)A2 + 0{t~^{\ogt)~^)A 3 . 

Here Ao,Ai : L^(R”') —>■ L°°(R"), while ^ 2,^3 are operators between logarithmically 
weighted spaces, with Ao,Ai,A 2 finite rank operators, further the operators are indepen¬ 
dent of time. We show that similar expansions are valid for the solution operators to 
Klein-Gordon and wave equations. Finally, we show that under certain orthogonality con¬ 
ditions, if there is a zero energy eigenvalue one can recover the \t\~^ bound as an operator 
from U —>■ L°°. Hence, recovering the same dispersive bound as the free evolution in spite 
of the zero energy eigenvalue. 


1. Introduction 

The free Schrodinger evolution on R”, maps L^(R”') to L°°{W^) with norm bounded 
by Cn\t\~'^^‘^. This can be seen by the triangle inequality and the representation 

[‘iTTltj 2 J]Rn 

In this paper we study the dispersive properties of the operator where H = —A -|- V 
is a Schrodinger operator perturbed by a real-valued, decaying potential V. Formally, this 
defines the solution operator to the perturbed Schrodinger equation 

(1) iut + Hu = 0, u{x,0) = f{x). 

That is, the solution to m may be expressed as u{x,t) = e*^^/(x). 

Quantifying the dispersive properties of the solution operator is a well-studied problem. 
In general, with Pac the projection onto the absolutely continuous spectral subspace of 
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L^(M"') associated to the Schrodinger operator H, the dispersive estimates are expressed as 

One requires the projection onto the absolutely continuous spectrum as the perturbed 
Schrodinger operator often possesses point spectrum, for which large time decay cannot oc¬ 
cur. Under weak pointwise assumptions on the potential, say |U(x)| < {x)~^ for some /3 > 1, 
we have cr{H) = aac{H)Uap{H). Here the absolutely continuous spectrum aac{H) = [0, oo), 
and the point spectrum consists of a finite collection of non-positive eigenvalues, [35] • One 
may alternatively seek to quantify the dispersive properties in terms of Strichartz norms, 
bounds, or micro-local estimates. In this paper, we focus on proving point-wise bounds 
for the evolution when there are zero energy obstructions. The obstructions can be related 
to solutions to = 0. If G L^(M”), there is a zero energy eigenvalue, while ijj ^ 
is a resonance if it is in a different space which depends on the dimension. When n = 4, ■i/’ 
is a resonance if G 

Local dispersive estimates were hrst studied treating Pac as an operator between 
weighted L^(R"’) spaces. The study was begun by Rauch in [37| on exponentially weighted 
spaces when n = 3. Jensen and Kato [29] for n = 3, and Jensen Eli EE] for n > 3 proved 
estimates on polynomially weighted spaces that decay at a rate of \t\~ 2 . Murata, [36] . 
studied local dispersive estimates for a wide class of Schrodinger-like equations. In these 
works, it was shown that threshold obstructions can effect the time decay of the solution 
operator even though Pac{H) explicitly projects away from the zero energy eigenspace. 

In recent years, there has been much interest in global dispersive estimates, in which 
one seeks to bound Pac{H) as an operator from L^{MP) to The study began 

with the seminal paper of Journe, Soffer and Sogge [32] . with much of the recent work 
having its roots in the approach of Rodnianski and Schlag, [39]. If zero energy is regular, 
that is if there are no zero-energy eigenvalues of resonances, ([2|) has been established in all 
dimensions, see miiisiiiiiEaiziiiaEsi, a more thorough history may be found in m- 

When there is an obstruction at zero energy, either a resonance or an eigenvalue, in 
general, the time decay is slower. The effect of these threshold obstructions is dimension- 
specific, we note [23l [151 SSI ESI EH O ESI EH ESI EH] in which the effects were studied in all 
dimensions n > 1 in the sense of global dispersive estimates. 

In this article we provide refined dispersive bounds for the Schrodinger operator with 
zero-energy resonances and/or eigenvalues in dimension n = 4. We recall the result of 
Erdogan, Goldberg and the first author, m, it was shown that if zero is not regular, one 
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has the low energy expansion 

V^^x{H)Pac{H) - < |t|-\ |t| > 2 

where Ft is a finite rank operator satisfying ||-^t^ (log for |t| > 2. We improve 
these results in several directions. First of all, we provide a more detailed expansion the 
evolution with at most three slowly decaying terms with an error term that is integrable for 
large time. In particular, we show that as t ^ oo, the non-integrable time decay is “small” 
in the sense of being attached to finite-rank operators. 

To state the results, we define the functions log^(x) = X{x>i}^ogx and w{x) = 1 -|- 
log“'“ |x|, and if{t) is a function that satisfies the bound if{t) = 0(1/log t) for t > 2. Further, 
X is an smooth, even cut-off function supported in [—2Ai, 2Ai] for a fixed sufficiently small 
Ai > 0 and it is equal to one if |A| < Ai. We also define the logarithmically weighted 
spaces 

= {f ■ [ w’'{x)\f{x)\dx < oo}, L“_fc(M^) = {g : ||tc"^(-) 5 lloo < ooj. 

Theorem 1.1. Suppose that |F(x)| < {x)~^~. If zero energy is not regular, fort > 2, 

x{H)Fac{H) = (f{t)Ao + 0{l/t)Ai + 0{{t log t)~^)A 2 + 0{t~^{logt)~‘^)Ai, 

with Aq : ^ L°° is a finite rank operator, Ti : —>■ L°°, A 2 ■ finite 

rank operators, and T 4 : —>■ L^_^, provided /3 > 0 is large enough. Furthermore, the 

operators ^ 1,^2 cire independent of time. In partieular, 

i) If there is a resonance but no eigenvalue at zero and ft > 4, the above expansion is 
valid. 

ii) If there is an eigenvalue but no resonanee at zero and /3 > 8, the above expansion is 
valid with Tq = 0. 

in) If there is a resonanee and an eigenvalue at zero and /3 > 8 , the above expansion is 
valid. 

The polynomially weighted L’p spaces are defined by 

L^’'^(M") = {/ :||(xr/||,<oo}. 

To prove this theorem, we employ an interpolation argument between the results of m and 
the three parts of the following theorem which we prove in Sections O 0] and [5] respectively. 


Theorem 1.2. Suppose that |F(x)| < (x) ^ . 
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i) If there is a resonance but no eigenvalue at zero, then if j3 > A for t > 2, 

e^^^x{H)Pac{H) = ip{t)A^ + 0{l/t)A^ + 0{{t log t)-^)A 2 + (log t)-^)A^ + 0(^1-) A 4 

with Aq : ^ L°° a rank one operator, Ai : ^ L°°, A 2 : L^, ^ P^-i finite rank 

operators, A^ : ^ L°° and A^ : if'^ —)• L°°~ 2 . 

a) If there is an eigenvalue but no resonance at zero, then if fi > 8 , for t > 2, 

P^^x{H)Pac{H) = 0{l/t)Ai + 0(t-i-)yl4 

with j4i : —>■ L°° a finite rank operators, and A 4 : L ^’2 ^ L°°’“ 2 . 

in) If there is a resonance and an eigenvalue at zero, then if fi > 8 for t > 2, 

P^^x{H)Pac{H) = ip{t)Ao + 0{l/t)A^ + 0{{t\ogt)-^)A2 + 0{t-\\ogt)-^)A^ + 0{t-^-)A^ 

with Aq,Ai,A^ : L°°, A 2 : ^ rank operators, and A^ : L ^’2 —)• 

Furthermore, the operators ^ 1 ,^ 2 , ^3 are independent of time. 


The operators ^ 3,^4 need not be finite rank. However, their contribution is integrable 
for large time. To establish Theorem ll.il we recall that in [TTj, it was shown that 

(3) P^^x{H)Pac{H) = ip{t)Ao + 0{l/t), 


with Aq : ^ L°° finite rank, and the error term is understood as an operator mapping 

L°° which is not finite rank. In Theorem 11.21 we show 


P^^PaciH) - ip{t)Ao 


w{x)Biw{y) 

t\ogt 


B 2 

t{\ogtY 


o 


^ (x) ^7/) 2 ^ 


Here Bi,B 2 are finite rank and bounded independent of x,y. We can subtract them off of 
the bound ([3]) to conclude that 


P^^PaciH) - <f{t)Ao 


w{x)Biw{y) 

tlogt 


B 2 

t(logt )2 


Q ^ w{x)w{y) '^ 


So that. 


P^^PaciH) - g?{t)Ao 


w{x)Biw{y) 

tlogt 


B 2 

t(logt )2 


O 


w{x)w{y) 

t 


min I 1 


jx) 2 (y) 2 ^ ^ 


Using min(l, |) < (log a)^/(log 6 )^ if a, 6 > 2, we can obtain an error term bounded by 
t“^(logt)“^ as an operator between logarithmically weighted spaces. 

We can combine the low energy estimates, for which the spectral parameter A is in a 
sufficiently small neighborhood of zero, proven above with large energy estimates from, for 
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example [l5] or [7]. To apply these results, one requires additional regularity on the poten¬ 
tial, which is expected from the counterexample constructed in [23]. This counterexample 
showed that the high energy portion of the evolution need not satisfy the desired dispersive 
bound if V does not have continuous derivatives when n > 3. The smoothness when 
n = 4 may be expressed in terms of a weighted Fourier transform as in [35], or explicitly 
requiring V G C '2 + (M'^) as in [7|. We note that the goal of [35] was not to prove dispersive 
bounds directly, but was instead concerned with the L^-boundedness of the wave operators, 
which are defined by 

VF± = s - lim 

t^ztoo 

The boundedness of the wave operators allows one to deduce bounds on the perturbed 
operator from the free operator Hq = —A. That is, for any Borel function /, 


f{H)Pac = W±f{-A)Wi. 


If W± is bounded on L°°, then is bounded on and one can deduce the |t|~'2 dispersive 
bound for the evolution by using the natural bound for the free equation. It is known that 
the if zero is not regular, the range of p for which the wave operators are bounded shrinks 
from 1 < p < oo when zero is regular to | < p < 4 when there is an eigenvalue but no 
resonance at zero, m- We expect that the range of p can be expanded to 1 < p < 4 in 
light of the recent works [371 |2I1 US] 

A second direction in which we improve the known results is to establish a global disper¬ 
sive bound that matches the natural decay of the free evolution even in the presence of 

a zero-energy eigenvalue. In [20l[T9] L°° dispersive bounds for the perturbed evolution 


were established in the presence of zero energy eigenvalues with the full \t \~2 time decay, 
assuming additional orthogonality conditions between the zero energy eigenspace and the 
potential. In these papers, dimensions n > 5 were studied, where zero energy resonances 
do not occur. We show in Section [6] that such a bound holds in dimension n = 4. The more 
complicated structure of zero energy obstructions when n = 4 leads to significant technical 
difficulties in the analysis, even when there is not a zero energy resonance. 


Theorem 1.3. Assume that |I^(x)| < , and that zero is an eigenvalue of H = 

—A -|- V, but not a resonance. Further, suppose that Jj ^4 Vijjdx = 0 and XjVf) dx = 0 
for each &Null H and all 1 < j < 4. Then, 

V^^X{H)Pac{H)\\L,^L^<\t\-\ 

^During the review period of this paper, the first author and Goldberg proved this result, see |22 |. 
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One can alternatively state the orthogonality hypotheses as PeVx, PeVl = 0 where Pg is 
the projection onto the zero energy eigenspace. 

The perturbed resolvent operators are defined by 

± iO) = lim {H - (A^ ± ie))-\ 

e^0+ 

By Agmon’s well-known limiting absorptions principle, [2], these limits are well-defined 
as bounded operators between weighted spaces. Treating x{H)Pac{H) as an element 
of functional calculus, Stone’s formula yields the representation 

(4) P^^x{H)Pac{H)f{x) = Ax(A)[i?+(A2) - R-{X^)]f{x)dX. 

Here the difference of the resolvents provides the absolutely continuous spectral measure. 
As usual (cf. [Ml [231 HU [131 El ) the proofs of Theorem 11.21 and Theorem 11.31 relies on the 
formula (H)) and the expansion of the spectral density (A^) — Ry{X‘^)] around zero energy 
which varies depending on which kind of obstruction one has at zero energy. 

The final direction in which we improve the known results is to prove dispersive bounds 
for a wide class of wave-like equations. The Klein-Gordon equation 

(5) utt — + rn^u + Vu = 0, u{0) = f, dtu{0) = g 


is formally solved by 

(6) u{x,t) = cos{Wh + m^)f{x) + 

y/H + vn? 

The formal solution is valid for the wave equation, when m? = 0. We restrict our attention 
to m? > 0 so that the unperturbed operator —A -|- m? is positive. 

In the free case, when V = 0, one has the natural dispersive bounds 

ll'*^(')*)l|oo < \t\ 2 (ll/ll^fc+1,1 -I- ||5f||^fe.l) 

for A: > I in four dimensions. The derivative loss on the initial data is strictly a high- 
energy phenomenon, see [MIE]. L°° bounds on solutions to the wave equation has been 
studied, HlllElElEllSe]. The dispersive nature of the Klein-Gordon has been studied in 
various senses [Ml [331 El- The effect of threshold eigenvalues and resonances for wave-like 
equations has been studied in dimensions n < 4, see [MIEIKII]. 

We prove low-energy dispersive bounds by taking advantage of the representation 


cos iWH + m‘^)Pac + 


sm{ty/H + m?) ^ 
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77^ Jo V V +771"= / 

This allows us to extend our analysis of the spectral measure and the perturbed resolvents 
we develop for the Schrodinger evolution in Sections El [4] and [5] below. 


Theorem 1.4. Let m? > 0 then the results of Theorem M.^ are valid if the operator is 
replaced by either cosftVH + m^) or • 

Note that Theorem o is stated for mf > 0. When mf = 0, ([ 6 ]) corresponds to the 
solution of the wave equation. This formula suggests a similar statement for the solution 

is 

singular. In m, to ensure integrability as A ^ 0 we had to use 


of the wave equation. However, the behavior of when m = 0 for small A is 

vA^+m^ 


sin(fA) 


A 


< |t| whereas 


sin{ty/ A^ + m^) 






< — <1 for m > 0. 
m 


Considering this fact together with | cos (At) | < 1, the results of Theorem 11.41 apply to the 
operator cos{tVld), but the bounds for the sine operator must all be multiplied by t. 

As in our analysis for the Schrodinger evolution, we consider only the low energy portion 
of the evolution. High energy bounds, with a loss of |+ derivatives of the initial data, 
for the wave equation are proven in [ 8 ] under the assumption that V G 6*2 (M^), and 
\dfV{x)\ < for |a| < 


2. Resolvent expansions around zero 

Much of this discussion appears in [T3], we include and expand upon it for completeness. 
The notation 

/(A) = d{g{\)) 

denotes 

Unless otherwise specified, the notation refers only to derivatives with respect to the spectral 
variable A. If the derivative bounds hold only for the first k derivatives we write / = Ok{g)- 
If we write /(A) = Ok{X^), it should be understood that differentiation is comparable to 

. n 

division by A. That is, |^/(A)| < ^ even for i > j. In this paper we use that notation 

for operators as well as scalar functions, the meaning should be clear from context. 

Most properties of the low-energy expansion for Ry(A^) are inherited in some way from 
the free resolvent i?^(A^) = (—A — (A^ ± iO))”^. In this section we gather facts about 
Rq (A^) and examine the relationship between iiy(A^) and i?^(A^). 
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Recall that the free resolvent in four dimensions has the integral kernel 

(7) 7?±(A2)(x,y) = Ht{X\x - y\) 

4 2'k\x — y\ 

where are the Hankel functions of order one: 

(8) Hf{z) = Ji{z)±iYi{z). 

From the series expansions for the Bessel functions, see [T] , as 2 ; —>■ 0 we have 

( 9 ) Ji{z) = ]^z-^z'^+ d 2 {z^), 

(10) Yi{z) = —— + - log(2;/2)Ji(2;) + biz + 62-2^ + 02(2^) 

TTZ TT 

( 11 ) = —— + —z\og{z/2) + biz - ^z^ \og{z/2) + b 2 Z^ + d 2 {z^ log 2 ;). 

TTZ TT OTT 

Here 61,62 ^ Further, for jzj > 1, we have the representation (see, e.g.^ m) 

( 12 ) i7±(z) = e±'^cu±(z), |u;2)(z)| <(l + |z|)-^-^ £ = 0,1,2,.... 

This implies, among the various expansions we develop, that (with r = \x — y\) 

(13) R^{X^){x,y) = r-^p-{Xr)+r-^Xe^^^^p+{Xr). 

Here p- is supported on [0, ^], p+ is supported on [i, oo) satisfying the estimates \p-{z)\ < 1 
and p+{z) = 0 {z~^). 

To obtain expansions for Ry{}?) around zero energy we utilize the symmetric resolvent 
identity. Dehne U{x) = 1 if V{x) > 0 and U{x) = —1 if V{x) < 0, and let v = 
w = Uv so that V = Uv^ = wv. Then the formula 

(14) R±(A2) = R±(A2) - R±(A2)uM±(A)-'u<(A2), 

is valid for S1(A) > 0, where M^{X) = U + ui?^(A^)u. 

Note that the statements of Theorem 11.21 control operators from L^(R^) to L°°(M^), while 
our analysis of M^(A^) and its inverse will be conducted in L^(M^). The free resolvents are 
not locally L^(M”) when n > 3. This requires us to iterate the standard resolvent identities, 
as we show that iterated resolvents have better local integrability. To use the symmetric 
resolvent identity, we need two resolvents on either side of M^(A)“^. Accordingly, from the 
standard resolvent identity we have: 


(15) 


R±(A2) =R±(A2) - R±(A2)HR±(A2) + R^{X^)VR${X^)VR^{X^). 
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Combining this with (jl4p . we have 

(16) R${X^) =<(A2) - R^{X^)VR^{X^) + Ri{X^)VR^{X^)VRi{X^) 

(17) - R^{X^)VR^iX‘^)vM^{X)-\R^{X‘^)VR^{X^). 

Provided V(x) decays sufficiently, [R^{X'^)VR'^{X‘^)v]{x, ■) G L^(M^) uniformly in x, and 
that M^(A) is invertible in L^(M^). We recall the following lemma from |14j . 


Lemma 2.1. If\V{x)\<{x) ^ for some [3 > 2, then for any a > iiaax{h,3 — f3) we have 


sup ||[i?o (A )VRq (A )](x,; 


^ W- 


Consequently \\Rq {X‘^)VR"^{X‘^)v\\ ^2^100 ^ (A). 

To invert M^{X) in under various spectral assumptions on the zero energy we need 
several different expansions for M^(A). The following operators arise naturally in these 
expansions (see dSD, my- 

( 18 ) - -- - 1 f 

(19) 

( 20 ) 


Gof{x) = -^[ = {-A) ^f{x), 

471^ J^4 \x-y\^ 


Gifix) = - 


Gjfix) = 


,x - y|2 
^ / log(|x - ?/|)/( 2 /)dy, 

Cf /r4 \x - y\^f{y) dy for j = 2,4,... 

/r4 \x - log(|x - y|)/(y) dy for j = 3,5,... 


Here Cj are certain real-valued constants, the exact values are unimportant for our anal¬ 
ysis. We will use Gj{x,y) to denote the integral kernel of the operator Gj. In addition, the 
following functions appear naturally, 


(21) c/+(A) = (A) = A^^(ailog(A)-t-Zj), j = 1,2,3,... 

Here aj G M \ {0} and zj G C\M. In our expansions, we move any imaginary parts to these 
functions of the spectral variable so that the operators all have real-valued kernels. To gain 
a more detailed low energy expansion than in [T3], we go further into the expansions of the 
resolvents, M^{X) and respectively. 

We also define the operators 


(22) T := M^{0) = U + vGov, P := ||H||r^u(u, •). 


Recall the dehnition of the Hilbert-Schmidt norm of an operator K with kernel K{x,y), 


\K\ 


HS ■ = 


\K{x,y)\'^ dxdy 
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Lemma 2.2. Assuming that v{x) < (x) ^. If > 2, then we have 

1 


(23) M±(A) = r + Mo±(A), 

and 


^11 sup A ^+^+5 {Mo=^(A)||hs < 1, 

j = 0 


(24) M±(A) = T + ll^lli^f (A)P + X\Giv + Mf (A), 

sup X-^+^-diMtiX)\\Hs <1. 


If ft > 4,, we have 


(25) M±(A) = T + ||y||i(7f (A)P + A^uGiu + gf{X)vG2V + X^Gsv + M^{X), 

2 

^11 sup X-^^^-d{M^{X)\\HS 


If fl > 6, we have 


(26) M±(A) = T + ll^lli^f (A)P + A^uGiu + gf{X)vG2V + ASG31; 

2 

+ 53 ^(A)uG 4 i; + A^G 5U + M3±(A), V || sup X-^+^-&>^Mi{X)\\HS < I- 

j—Q 0<A<Ai 

Proof. Using the notation introduced in (|18D - (I21I) in ([7]), Q, and m, we obtain (for 
A|x - y| < 1) 

(27) i?o (A^)(x,i/) = Go{x,y) + 02(A^(1 + log(A|x - y|))) 

(28) i?Q (A^)(x,i/) = Go{x,y) +gfiX) + A^Gi(x,y) + Oi(A‘^|x - yplog(A|x - y\)). 

(29) i?Q (A^)(x,?/) = Go(x,y) AgfiX) + A^Gi(x,y) + gf{X)G 2 ix,y) + A'‘G3(x,y) 

+ 02(A®|x - y\^log{X\x - y\)). 

(30) i?Q (A^)(x,i/) = Go{x,y) +gfiX) + A^Gi(x,y) + 5r^(A)G2(x,y) + A'^G3(x,y) 

+ gfiX)G 4 {x,y) + X^G^{x,y) + 02(A®|x - yflog{X\x - y\)). 

The O 2 notation refers to derivatives with respect to A in all cases. 

In light of these expansions and using the notation in (I22p . we define M^{X) by the 
identities 


(31) 

(32) 


M^(A) = U + vR^{X‘^)v = T + M^(X). 
KW = (A)P + X^vGiv + Mf (A). 
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(33) M^{\) = gf{X)vG 2 V + X^G^v + M^{X). 

(34) M^{X) = gf{X)vG4V + X^vG^v + Mf(X). 

When A|x — y| <C 1, the bounds follow from (l27)l . ([28]), (l2^ . and ([301) . On the other hand, 
when A|x — y| > 1, we use ([7|) and ([T^ to see (for any a > 0 and fc = 0,1, 2) 


(35) \diMX^){x,y)\ = 




\ei>~\^-y\u:{X\x - y\) 


(A|x - y|)2+“|x - y\ 


\k-2 


Using ([271) . (lOTD . and 

MoiX){x,y) = 


\x - y\ 

and choosing a = | — /c, we see that 

v{x)v{y) log \x — y\Oi{X?~), A|x — y| <C 1 
i;(x)u(y)[Go(x, y) + Oi(A2)], A|x -y\>l 

= v{x)v{y){l + log \x - y\)di{X^~). 


This yields the bounds in (l23l) as v{x) < {x)~‘^~. 

The other assertions of the lemma follow from similar arguments. Taking a = | — k+ in 
([35]) and using 

02(A'^|x - yplog(A|x - y|)) = d 2 {X‘^{X\x - y|)°+), for A|x - y| < 1 
we obtain ([Mil , whereas taking a = ^ — k— in (l35[) and using 

02{X^\x - ?/|'^log(A|x - y\)) = 02(A^(A|x - y|)^+), for A|x - ?/| < 1 


we obtain ([25p . Finally, an operator with integral kernel v{x)\x — ypv{y) or i;(x)|x — 
yp log |x — y\v{y), 7 > 0, is Hilbert-Schmidt provided /? > 2 + 7. 

□ 

The following corollary is useful. 

Corollary 2.3. ITe have the expansion 

(A2)Ui?± (A^) (x, y) = Ko + E^{X) (x, y), 

here the operators Kj have real-valued kernels. Furthermore, the error term (A) satisfies 
Eo{X){x,y) = (1 + log" |x - -I +log" I • -y|)Oi(A^"). 

Furthermore, if one wishes to have 2 derivatives, the extended expansion 
E^{X){x,y) = gf[X)K4 + X^-^K 2 + Ef{X){x,y), 


satisfies the bound 


Ef{X){x,y) = (x) 2 (y )2 02(A2). 
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Proof. This follows from the expansions for in Lemma 12.21 For the iterated resol¬ 

vents, the desired bonnds come from simply multiplying out the terms. In particular, 

Ko = GoVGo, Ki = l^Go + GqVI 

where 1 is the operator with integral kernel a scalar multiple of l{x,y) = 1 , and 

K2 = GoVGi + GiVGo. 

These are all real-valued, operators. 

□ 

Remark 2.4. The spatially weighted bound y)| < {x) 2 X 2 is only needed both 

derivatives aet on the leading resolvent, R^{X‘^){x,zi), in the product. Similarly, the upper 
bound (y) 2 A 2 is only needed if all derivatives act on the lagging resolvent, R^{X^){zi,y), 
in the product. All other expressions that arise would be consistent with E^{X) belonging to 
the class 02{X^~). A very similar bound holds for ii^(A^) rather than iterated resolvents. 

One can see that the invertibility of M^(A) as an operator on for small A depends 
upon the invertibility of the operator T on L^, see (| 22 |) . We now recall the definition of 
resonances at zero energy, following |30l [T4] . This definition and subsequent discussion also 
appear in [T4] . 

Definition 2.5. (1) We say zero is a regular point of the spectrum of H = —A -|- V 

provided T = U + vGqv is invertible on 

(2) Assume that zero is not a regular point of the spectrum. Let Si be the Riesz projec¬ 
tion onto the kernel of T as an operator on L^(]R^). Then T + Si is invertible on 

Accordingly, we define Dq = (T as an operator on We say 

there is a resonance of the first kind at zero if the operator Ti := SiPSi is invertible 
on 5 iL 2 (r 4 ). 

(3) Assume that Ti is not invertible on S'iL^(M^). Let S 2 be the Riesz projection onto 
the kernel ofTi as an operator on S'iL^(M^). Then Ti-I-S '2 is invertible on 

We say there is a resonance of the second kind at zero if S 2 = Si. If Si S 2 , we 
say there is a resonance of the third kind. 

Remarks, i) To relate the projections Sj to the type of obstruction, we use the characteri¬ 
zation proven in M- In particular. S'! — S '2 7 ^ 0 corresponds to the existence of a resonance 
at zero energy, and S '2 7 ^ 0 corresponds to the existence of an eigenvalue at zero energy. A 
resonance of the first kind indicates that there is a resonance at zero only, for a resonance 
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of the second kind there is an eigenvalue at zero only, and a resonance of the third kind 
means there is both a resonance and an eigenvalue at zero energy. For technical reasons, 
we need to employ different tools to invert M^(A) for the different types of resonances. It 
is well-known that different types of resonances at zero energy lead to different expansions 
for in other dimensions, see [151 [T3l I14j . Accordingly, we will develop different 

expansions for in the following sections. 

ii) Noting that T is self-adjoint, 5i is the orthogonal projection onto the kernel of T, and 
we have (with Dq = {T + Si)~^) 

SiDo = DoSi = 5i. 

This statement also valid for S 2 and (Ti -|- S' 2 )“^. 

iii) Si and S 2 are finite-rank projections in all cases. This follows by the observation 
that T is a compact perturbation of the invertible operator U, and invoking the Fredholm 
alternative. See Section [8] below for a full characterization of the spectral subspaces of 
associated to H = —A + V. 

Definition 2 . 6 . We say an operator K : —)• with kernel K{-, •) is absolutely 

bounded if the operator with kernel \K{-, •)! is bounded from to 

Note that Hilbert-Schmidt and finite rank operators are absolutely bounded. In [Hj, it 
was proven that 

Lemma 2 . 7 . The operator Dq is absolutely bounded on . 

To invert M^(A) = U + vR^{)?‘)v for small A, we use Lemma 2.1 in [30] . 

Lemma 2 . 8 . Let A be a closed operator on a Hilbert space Ti and S a projection. Suppose 
A -|- (S' has a bounded inverse. Then A has a bounded inverse if and only if 

B := S - S{A + S)-^S 

has a bounded inverse in STL, and in this case 

A-i = (A + 5)-i + (A + S)-^SB-^SiA + 5)"^ 

We will apply this lemma with A = M^(A) and S = Si, the orthogonal projection onto 
the kernel of T. Thus, we need to show that M^(A) -|- 5i has a bounded inverse in 
and 


(36) 


B±{X) = Si- 5i(M±(A) + Si)-^Si 
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has a bounded inverse in 

The invertibility of the operator B± is established using different techniques, which de¬ 
pend on the type of resonance at zero energy. We recall Lemma 2.9 in Un- 


Lemma 2.9. Suppose that zero is not a regular point of the spectrum of H = —A -|- V, 
and let Si be the corresponding Riesz projection. Then for sufficiently small Ai > 0, the 
operators M^(A) -|- 5i are invertible for all 0 < X < Xi as bounded operators on 
Further, one has (with'^{X) = (A)j 

(37) (M±(A) + Si)-^ = Do- gi{X)DoPDo - X^DqvGivDq + d2{X^+) 

(38) =Do + d2{X^-) 

as an absolutely bounded operator on L^(M^) provided v{x) < (x)“^“. 

Corollary 2.10. We have the following expansion(s) for B^{X). If v{x) < {x)~‘^~, 

(39) B^{X) = -gi{X)SiPSi - X^SivGivSi + 02(A^+) 

(40) = 02(a2-) 


The contribution of csi), the finite terms of the Born series, to the Stone formnla Q is 
controlled by the following lemma. The lemma, which is Proposition 3.1 in |20] . was proven 
in great generality and applies in our case by taking n = 4. A similar proposition is proven 
for odd n in [El- 


Lemma 2.11. If\V{x)\ < (x) ^ , then the following bound holds. 


sup 



- 2 m+l 

- k=0 


R: 


0 (^^0 


-\k 


)n 


{X^){x,y)dX 


< 


1-2 


This allows us now to focus only on the more singular part of the resolvent expansion 
in (flSl) . As the expansion for (flTll depends on the type of obstruction at zero energy, we 
control its contribution to the Stone formula separately in the next sections. 


Remark 2.12. We note that if zero is regular, if\V{x)\ < (x) * the low energy dispersive 
bound 

\\P^^X{H)Pac{H)hl^Lo^ <\t\-^ 

holds. This can be done by using the expansion for M^(A)“^ obtained in Lemma \2. tA 
specifically (I3ZD is valid when Si = 0. The time decay is obtained by an analysis that 
mirrors that of the Born series. 
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3. Resonance of the first kind 


In this section we deveiop the toois necessary to prove the first ciaim of Theorem 11.21 
when there is a resonance of the first kind. That is, there is a resonance but no eigenvaiue 
at zero energy. Further, S'! 7 ^ 0 and S 2 = 0, and 5i is of rank one by Coroiiary 18.31 In 
particular, we prove 

Theorem 3.1. Suppose that |R(x)| < . If there is a resonance of the first kind at 

zero, then for t > 2 , 

= ^{t)Pr + 0{l/t)Ai + out log t)-^)A 2 + 0{t-\log t)-^)As + 0{t-^-)Ai 

with Pr = GqVGqvSivGoVGo : if — L°° a rank one operator, Ai : ^ L°°, A 2 ; —)• 

finite rank operators, A^ : ^ L°° and A^ : if'^ L°°~ 2 . 


We note here that the operator Pj. can be viewed as a sort of projection onto the canonical 
resonance function G (Mfi), which is chosen from the one-dimensional resonance space 
so that {vfi,v'ijj) = 1. From the representation Pr = GoVGovSivGqVGq, using Lemma fS. 121 
and the fact that is rank one, we can see that Pr is a bounded operator from to L°°. 

We recall Lemma 3.2 in [14| . 


Lemma 3.2. If E{X) = Oi((AlogA) ^), then 


f 


e**^'Ax(A)T(A)dA 


< ^ 

~ logt’ 


t > 2. 


This lemma essentially defines the function (p{t) in the statement of Theorem 11.21 To 
invert M^(A) using Lemma 12.81 we need to compute B±{X), we use Lemma 3.3 in CD- 


Lemma 3.3. In the case of a resonance of the first kind at zero, under the hypotheses of 
Theorem AS.l\ the operator B±(X) is invertible for small X and 

(41) R±(A)-i = /±(A)5i, 


where 


(42) 


/+(A) 


1 1 
A2alogA + z + O2(A0+) 


for some a € IR/{0} and z G C/M. 


/-(A) 


In particular we note that for 0 < A < Ai, 


(43) /+(A)-/-(A) 


1 /(alog A-h z) - (alog Az) + Oi(A°+)A 
A^ V (alog A -I- 2 ;)(alog A+ T) + Oi(A°+) / 


Oi((AlogA)- 2 ). 
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We are now ready to use Lemma 12.81 to obtain an expansion for This expansion 

is longer than the corresponding expansion in [TTj, which allows us to give a more detailed 
long-time expansion for the evolution. 


Proposition 3.4. If there is a resonance of the first kind at zero, then for small A 
M±(A)-i = /±(A)5i + Ko + ftWKi + fi{\)K2 + 02 (> 
where Kj are A independent, finite rank, absolutely bounded operators, and 

Proof. Using Lemma 12.81 and (j41ll . we see that 

M±(A)-^ = (M±(A) + 5i)-i + (M±(A) + Si)-^SiB±{X)-^SiiM^iX) + Si)-^ 

= (M±(A) + 5i)-i + /±(A)(M±(A) + Si)-i5i(M±(A) + Si)-\ 

The representation (j38j) in Lemma 12.91 takes care of the first summand. Using (j37[) . and 
SiDq = DqSi = Si, we have 

(M±(A) + Si)-^Si = Si -gfiX)DoPSi - X^DqvGivSi + 02(A2+), 

5i(M±(A) + 5i)-i = 5i -gfiX)SiPDo - X^SivGivDo + 02(A2+). 

When an error term of size 02(A^"'~) interacts with /^(A), the product satisfies 
02 (A^+)/=*^(A) = 02 (A°’''), which satisfies the desired error bound for small A. For the 
remaining terms 

-^{X)f^iX)[DoPSi + SiPDo] - X^f^iX)[DovGivSi + SivGivDq] 


For small A, by a Taylor expansion, 
^(A)/^(A) = 

(44) 

AV^(A) = 


Ci^(A)+C2A2 + 02(A2+) 
ai 02 


Cl + 


C 2 

a2 log X+zf 


+ 02 (AO+) 


— Rq + 


± 


log X-\-Z 2 

1 


+ 


-h 02 ((logA) ^), and 


(logX + zf)^ 
bi 


+ 


alogA 02 (AO+) logA-hz^ (logA-hz^)^ 


-h 02((log A) 


-3\ 


Where aj,bj are real-valued constants, the exact values are unimportant for our analysis. 
Since Si is a rank one projection, the operators Kj are all finite rank, and hence also 
absolutely bounded. 

□ 
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To attain better time-decay, we use 
Lemma 3.5. If S{X) = 02 ((log A)“^), then for k>2, 


\x{X)£{\) dX 


< 


1 


t{\ogt) 


k-l ’ 


t> 2. 


Proof. We first divide the integral into two pieces, 

r-t-i/2 


/ 


Xx{X)£{X) dX = 


/ 


e**^'Ax(A)T(A)dA + 


roo 


e**^'Ax(A)T(A)dA 


For the first integral one cannot utilize the oscillation of the Gaussian, instead we use 


/ e**"^Ax(A)£:(A)dA < 

Jo Jo 

< i r 


X 


(log xy 


dX< 


^ 1 - 1/2 

Jo 


A 2 


dX< 


A(logA)^ 

1 


dX 


lo A(logA)'= ~ t(logt)^ 

For the second integral, we utilize the oscillation by integrating by parts twice to see 


poo 


Ax(A)£:(A) dX 


2it 


+ 


1 

2it Jt-i/2 




< 

r\j 


\£{t-r^)\ , |£'(r‘/2)| , 1 

' 3 “T 


t tf ' 


i: 


dX 


d. 


(x(A)£:(A)) dX 


£'W 

X 


dX 


< 


+ 


t{logt)^ t(logt)^+^ 


+ 


1 


- 1/2 A^llogtl^ t'^ 


I n I 

^^ + 72 I 1 




t{logt) 


k * 


Here we used that the integral converges on [^,oo). 


□ 


One can similarly prove bounds with (tlog(logt)) ^ if A: = 1 and 1/t if A; = 0. 

Lemma 3.6. In the case of a resonance of the first kind, dim{'tlj G : Hxl; = 0} = 1. 

Furthermore, the integral kernel of the operator := GqVGovSivGqVGq satisfies the 
identity 

Pr{x,y) = 'tjj{x)il!{y), where Hip = 0, and {v'ip,v'ijj) = 1. 


Proof. Corollary 18.31 and the fact that 52 = 0 in this case establishes the first claim. For 
the second, we first note that 

(45) Si{U + vG()v) = 0 ^ 5i = —5inGoU’, and Si =—wGqvSi. 

So that GqVGovSivGqVGo = GqvSivGq. Now, since Si is a one dimensional projection, 
we have Sif{x) = 4){x){f, (p) where we take (p G 5iL^(M^) such that ||i ?!)||2 = 1. Furthermore, 
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Lemma 18.21 gives us that cj) = wip with H^|J = 0. Noting that (—A + V)'iIj = 0 is equivalent 
to (/ + GoV)'tjj = 0, we have 

GovSivGo{x,y) = Gov{x,xi)(p{xi)(p{yi)vGo{yi,y) = [Govu;'ip]{x)[Govujtp]{y) 

= [GoVip]{x)[GoV'ip]{y) = '0(x)V'(y) 


□ 

We note that since Pr is rank one, it is absolutely bounded. Noting that from the 
expansion in Lemma 12.21 and its proof, we have 

(46) R^{X‘^){x,y) = Go{x,y) +gt{X) + \^Gi{x,y) + (x)5 (y)^02(Ai). 

We are now ready to prove Theorem 13.11 

Proof of Theorerri AS.il The proof follows from Lemma 12.111 and the expansions in Proposi¬ 
tion [331 By (lisp , and the discussion following Lemma 12.111 we need now only bound the 
contribution of 

(47) [R^VR^vM+{X)vR^VR^ - i;M-(A)i;i?o ](x, y) 

to the Stone formula, &■ Using the algebraic fact, 

M M M ^ £-1 X ^ M 

( 48 ) n“n^X](nj ~^e)i n 

k =0 k =0 £=0 ^k =0 ^ 

there are two cases. Either the difference acts on a free resolvent, or on M^(A)“^. 
By (|45p we have 

(49) i?^(A^)(x,y) (A^)(x,y) = cA^ -h (a:)^(y)^02(At). 

When the W/-’ difference acts on a free resolvent, we can write 

M±(A)-^ = /±(A)5i + 02(1). 

We get, in this case, contributions of the form 

(50) A^/=^(A)C'i(x)5(y)l02(A5"), 

here Ci = lUGou5iuGoUGo + GoUlu^iuGoUGo + GqVGqvSivWGo + GoVGovSivGoVl 
is a finite rank operator. By (|44l) and a simple integration by parts, noting that 9 a( log A)“^ 
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is integrable on [0, Ai], we have that contribution of Ci to the Stone formula can be bounded 
by The error term’s contribution to (jH) is of the form 

poo ^ 

{x)h{y)h / e**"x(A) 02 (Ai-)dA, 

Jo 

which can be bounded by {x)^ using Lemma 18.71 

On the other hand, if the difference acts on M^(A)“^, we have 

M+(A)-1 - M-(A)-1 = [/+ - nWSi + [ft - /r](A)i^i + [ft - / 2 "](A)i ^2 
"^^^((log A)^)’ 

There are now four subcases to consider. First, using the representation (|46l) . if all the free 
resolvents contribute Gq, we have to bound the contribution of 

[/+ - f-]iX)Pr + 02 ( 1 / log A )02 + O 2 ( 

Here O 2 = GqVGqvKivGqVGq + GqVGqvK 2 vGqVGq is a finite rank operator. By 
Lemma 13.21 the first term’s contribution to the Stone formula is bounded by 1/logt. The 
second term is bounded by 1/t and the final term is bounded by t“^(log t)~‘^ by Lemma [3.5l 
We note that the contribution of this error term, when all of its surronding free resolvents 
contribute Gq defines the operator H 3 in Theorem 13.11 We can see from the expansion for 
M^(A)“^, that we cannot expect this operator to be finite rank. 

Another case to consider is when one free resolvent contributes gi(A) while the other 
contribute Gq. Recall that 51 (A) comes with an operator whose integral kernel is a constant. 
In this case, we have to control 

fff(A)[/+-r](A)Ci+ 02 (A 2 -). 

Here Ci the same operator encountered in ([50]) . We note that gt{X)[f~^ — f~]{X) = 
Oi(l/logA), thus the first term’s contribution to the Stone formula is bounded by 1/t 
by Lemma 13.21 while the contribution of the second term is by Lemma 18.71 

Another case to consider is when one free resolvent contributes A^Gi while the other 
contribute Gq. In this case, we have to control 

A'[/+-r](A)C'3 + 02 (A 2 -). 

Here C 3 = GiVGqvSivGqVGq + GqVGivSivGqVGq + GqVGqvSivGiVGq + 
GqVGqvSivGqVGi is a finite rank operator. By Lemma 13.51 the first term’s contri¬ 
bution to the Stone formula is bounded by l/(flogt). Due to the presence of the operator 
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Gi, whose integral kernel is Gi{x,y) = —^log|x — y|, this bound is understood as 
mapping logarithmically weighted spaces, see the discussion around (j52p below. 

Finally, if the error term in (|46l) in any free resolvent is encountered, or if less than three 
Go’s are encountered, its contribution is bounded by (x )2 (y) 2 02 (A 2 ), which contributes 
t “2 to the Stone formula as an operator from L ^’2 to L°°’“ 2 . 

To close the proof, we must establish that the spatial integrals converge. For the contri¬ 
bution of Gi, we note that due to the similarity of the four constitutent operators, and 

|1FGo|(x,Z2) = G / j 

uniformly in x by Lemma 18.121 Similarly, 

|G„rG„|(.3..) = c/^^ 

—^ + 1 —< 1+1 —^)T- 

\Z4 - yr \\Z3 - Z4\^+ IZ3 - Z4r ) 1^3 “ yr+ 

Under the assumptions on V, we have that sup^gj^r ||u(-)(l + \y — •|~'^~)||2 ^ 1- Thus, 

(51) sup|lUGou5iuGoUGo(a:,y)| < sup ||lUGo(a:, •)w|| 2 ||| 5 'i||| 2 ^ 2 ||?^GoUGo(-,y )||2 < 1- 

x^y x^y 

Similarly, one can bound the contributions of Pr and G 2 . For G 3 we must take some care 
to account for the operator Gi. Note that Gi(x, z) = clog \x — z\, when Gi is contributed 
by the leading or lagging free resolvent, we use that log |a: — = log“ |x — z| -|- log"*" \x — z\. 

Since log” \x — z\ <\x — z\^~, we can control it as in the previous operators. For log"*", we 
note that log"*" is an increasing function and \x — y\ < \x\ + \y\ < 2max(|x|, |y|). Then, 

(52) |G,yG„|(x..3)=c/ 

7r4 \Zl - Z 2 F 

< (1 +log+ |x|) [ fl + log< kl| + 1 -^o+l ~ 1 +log< \x\. 

Jra\zi-Z 2 \^\ \zi-x\^+J 

Here we used the decay of the potential to control the log^ \zi\ growth and Lemma 18.121 
to establish the boundedness of the resulting integrals. A similar analysis holds for the 
polynomially weighted error terms. 

□ 


4. Resonance of the second kind 

In this section we prove Theorem 11.21 in the case of a resonance of the second kind, when 
Si 7 ^ 0, and S'! — 5*2 = 0. Recall that this means there is an eigenvalue at zero energy, but 
no resonance. In particular, we prove 
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Theorem 4.1. Suppose that |l^(x)| < (x) ® . If there is a resonance of the second kind at 
zero, then 

e^^^x{H)Pac{H) = Oil/t)Ai + 0{t-^-)A3, t > 2. 

Ai : ^ L°°, is a finite rank operator, and A^ : L ^’2 —)• L°°’“ 2 . 

Despite the fact that the spectral measure is more singular as A —)• 0, the lack of reso¬ 
nances greatly simplifies our expansions for Much of this simplification follows 

from the fact that Si = 82 , which by (jin2p shows that PSi = 0. This eliminates many of 
the terms containing powers of log A in the expansion of the spectral measure as A —)• 0. 

To understand the expansion for M^(A)“^ in this case we need more terms in the ex¬ 
pansion of (M^(A) -|- Si)~^ than was provided Lemma 12.91 From Lemma 12.21 specifically 
(ESD, we have by a Neumann series expansion 

(M±(A) + 5i)-^ 

= Do[l+gf{X)PDo + X^vGivDq + gf{X)vG 2 vDo + X^GsvDq + M^{X)Do]-^ 

(53) = Do-^{X)DoPDo - X^DqvGivDo + (^{X)fDoPDoPDo 

+ X^^{X)[DoPDovGivDo + DovGivDqPDo] - gf{X)DovG2vDo 
- X^DovGsvDo + DoE^{X)Do 
with Ef{X) = di{X^+). 

In the case of a resonance of the second kind, we recall that 5i = 82 - By Lemma 18.41 
below the operator SivGivSi is invertible on SiL'^ (which is 52^^ in this case). We define 
D 2 = {SivGivSi)~^ as an operator on S 2 L^(K^). Noting that D 2 = 5iiA25i, the operator 
is finite rank and hence absolutely bounded. 

Proposition 4.2. If there is a resonance of the second kind at zero, then for small X 

(54) M±(A)-^ = + ^2 + 02(A°+) 

where Ki , K 2 are X independent, finite rank operators. 

We note that the statement and proof of this Proposition are found in see Propo¬ 
sition 4.2 with an error term of Oi(A^^). Here, we need the extra derivative, but we note 
the same proof follows noting that the error term from Lemma 12.91 has two derivatives. In 
m only one derivative was needed to get the t ^ bound, we wish to gain more time decay 
from its contribution which necessitates the spatial weights. The fact that Ki, K 2 are finite 
rank operators follows from the fact that Si is finite rank. 
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Proof of Theorem \4-l\ The proof follows by bounding the contribution of Proposition 14.21 
to the Stone formula, ©• We to use cancellation between the '+’ and terms in 

R^VR^vM+{\)-^vR^VR^ - RffV R^vM- {Xy^vRffV Rff. 

As with resonances of the first kind, we use the algebraic fact (j48[) . Two kinds of terms 
occur in this decomposition, one featuring the difference M+(A)“^ — and those 

containing a difference of free resolvents. For the first case we use Proposition 14.21 and that 
dt ~ 92 ~ obtain 

(55) M+(A)-^ - M-(A)-i = cKi + 02(A°+). 

Recalling (146]l . we can write R^(A^) = G'o + (x) 2 (y )2 02 (A^“) and consider the most singular 
terms this difference contributes, i.e., 

GoVGovKivGoVGo + (x)^(y)502(A°+). 

The time decay of for the first term follows from Lemma 18.61 and the bound of 
(x) 2 (y) 2 t“i“ for the error term follows from IHTl An analysis of the spatial integrals as 
in Theorem 13.11 noting that Ki is finite rank and hence absolutely bounded finishes the 
argument. For the terms of the second kind the difference of '+’ and terms in (1481) acts 
on one of the resolvents. As usual, the most delicate case is of the form 

(56) (Ro+(A 2) - R-(A2))PR+(A2)u[(IMD]^^i2o^(A2)PRo+(A2). 

Using ([Ml), we have [Rq — R(('](A^)(x, y) = cA^ + (x) 2 (y )2 02 (A 2 ). We then write M^(A) = 
—D 2 /A^ + 02 (A°“) to see 

([56]) = -cVGovD2vGoVGo + (x) 2 (y)202(A°+). 

Using Lemma 18.61 we see that the first term contributes to the Stone formula, while 
the second term is bounded by (x)^ using Lemma 18.71 The remaining terms can 

be bounded similarly. The spatial integrals are controlled as in the case of a resonance of 
the first kind in Theorem EM 

□ 


5. Resonance of the third kind 

In this section we prove Theorem 11.21 in the case of a resonance of the third kind, that is 
when Si / 0, ^2 7 ^ 0 and Si — S 2 7 ^ 0. Recall that this means there are both a zero energy 
resonance and a zero energy eigenvalue. In particular, we prove 
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Theorem 5.1. Suppose that |F(x)| < (x) ^ . If there is a resonance of the third kind at 
zero, then for t > 2 , 

e^^^x{H)Pac{H) = ^{t)Ao + 0{l/t)Ai + 0{{t log t)-^)A 2 + 0{t-\log t)-^) A3 + Oit-^-)A^ 

with Ao,Ai : L°°, A 2 : —>• L'^-i finite rank operators, A^ : ^ L°° and 

A 4 : L^’5 ^ . 


The expansion in (I53p remains valid, but in this section we do not have that SiP = 0. 
Using ()33p in Lemma 12.21 we have 

B^{X) = ^{X)SiPSi + X^SivGivSi - (^{X)fSiPDoPSi 

- X‘^gf{X)[SiPDovGivSi + SivGivDoPSi] + gf{X)SivG2vSi 
(57) + 02(A®-) 

=: ^{x)SiPSi + x^SivGivSi + {gfwfri + x^^{x)r2 + 52^(A)r3 

+ A^r4 + 02(A®-). 


Note that, since S 2 0 the kernel of 5'iPS'i is non-trivial. We, therefore, use Feshbach 
formula to invert B^{X). To do that, we define the operator T by S*! = ^2 + T and express 
B^{X) with respect to the decomposition = 5'2T^(M^) © rL^(M^). We also define 

the finite rank operator S by 


(58) 


5 := 


T —ruGiuiA2 

—D2VG1VT D2vGivTvGivD2 
We note that the operator Aq in the statement of Theorem 15.11 has rank at most two. 
This follows from the expansions detailed below and the fact that S has rank at most two. 
As in the previous cases, we give a refinement of the expansion in m- 


Lemma 5.2. In the case of a resonance of the third kind we have for small X 

(59) i?±(A)-i = /±(A)5 + ^ + + F 2 + /i(A)F 3 + /2(A)F4 + 02(A°+). 

Here Fj are X independent absolutely bounded operators, f~^{X) = (A^(alog A + z))“^ with 
a G M \ {0} and z G C \ M, with f~{X) = /+(A), and fj{X) = 02 {{logX)~^). 


Proof. Here we use the fact that S 2 P = PS 2 = 0 to see that the two smallest terms of 
B^{X) with respect to A, see (ISZl), may be written in the block form 


(60) 


A±(A) ;= A" 




FT + TuGiuT 

S 2 vGivr 


TvGivS 2 

S 2 VG 1 VS 2 
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Then, by the Feshbach formula we have 


(61) 


A±(A)-i = 


A 2 /i±(A) 


=:f^{X)S + ^ 


r —TvGivD2 

—D2VG1VT D2vGivTvGivD2 
D 2 


+ 


A 2 


for the 


Here ;= (A^[alog A + for some o E M\{0} and z E C \ M. One can see 
details of this inversion. 

By a Neumann series expansion, we obtain 

H^(A)-i = H±(A)-^[1 + (H±(A) - H±(A))H±(A)-^]-^ 

= Al±(A)-i - - A^{X)]A^{X)-^ + 02(A°+). 

We note that D 2 S 1 P = D 2 S 2 P = 0. Therefore, the operators Tj in the expansion of B^{X) 
in ((57|) satisfy 

riiA2 = ii2ri = D2T2D2 = 0. 

Further recalling (|2ip for ^^(A) and gf^(A), for small A we have 

5i^(A) 


/±(A)5i*(A) = 

f± 


(62) 


A2(alog A + z) 
A2 2 A^(alogA + z) 


/^(A)A 2 = 


1 


[/±(A)]^52^(A) = 


2 ^±/ 


a log X + z 
C 3 


+ 


= Cl + 

= C2 + 

2:3 


P 

a log A + 2 : ’ 
22 

a log A + 2 : ’ 


a log A + 2 (a log A + 2)2 ’ 
for some (unimportant) constants Cj,Zj, establishes the claim. 

Using Lemma l2.81 and (|59p . we have 


□ 


Proposition 5.3. If there is a resonance of the third kind at zero, then for small X 

M^{X)-^ = f^{X)SiSSi + ^ + ^^^2F3T>2 + Ki + fi{X)K2 + /2(A)Ff3 + 02(A°+), 
where the operators are X independent and finite rank except for the error term. 

Proof of Theorem A5.1[ We note that the expansion of M^{X)~^ is a sum of terms similar 
to the ones encountered in Propositions 13.41 and 14.21 Accordingly, the methods used in the 
proofs of Theorems 13.11 and 14.11 apply with only minor adjustments. 

□ 














DECAY ESTIMATES FOR SCHRODINGER, KLEIN-GORDON AND WAVE EQUATIONS 


25 


6 . Eigenvalue only and PeVx = 0 

We consider the evolution when there is a resonance of the third kind, that is an eigenvalue 
by not resonance at zero energy, and extra cancellation between the eigenfunctions and the 
potential. In particular, we show that the evolution satisfies the same dispersive 

bound as an operator from and L°° as the free evolution. This bound is motivated by 
the work in [19tl2nj which proved such bounds in higher dimensions n > 5. We note that the 
techniques of [19ll20j are not sufficient to obtain the bound when n = 4. In dimensions 
n > 4, one has the expansion = Go + O(A^), in dimension n = 4 we instead have 

= Go + 0(A^(1 + log(A|x — y|))). This small difference introduces many technical 
challenges which we overcome in this section. 

For the purpose of obtaining this bound, one needs much longer expansion for M^(A)“^. 

Lemma 6.1. Suppose that zero is not a regular point of the spectrum of H = —A + V, 
and let Si he the corresponding Riesz projection. Then for sufficiently small Ai > 0, the 
operators M^{X) + 5i are invertible for all 0 < X < Xi as bounded operators on 
Further, one has 

(M±(A) + 5i)-i =Do- gt{X)DoPDo - X^DovGivDo - gf{X)DovG2vDo 
— X'^DqvGsvDq — g^{X)DQvG^vDQ — X^DqvG^vDq 
+ {gf{X)fDoPDoPDo + X^gf{X)\DoPDovGivDo + DovGivDoPDo] 

+ X^gf{X)\DoPDiivG^vDii + DovG^vDoPBn] 

+ g^{X)gf{X)[DiiPDiivG2vDii + DiivG2vDiiPDii] + X^^DuvGivDuvGivDn 

(63) - {gf{X)fDoPDoPDoPDii + X^gf{X)[DiivGivDovG2vDo 

+ DovG2vDovGivDo] - X\g^{X)f[DoPDoPDovGivDo 

+ DqPDqvGivDqPDq + DqvGivDqPDqPDq\ 

- P^gf{X)[DoPDovGivDovGivDQ + DqvGivDqvGivDqPDq 
+ T»o^;Gl^;T>o^^o^'Gl^;T»o] - X^DqvGivDqvGivDovGivDo + 02(A®+) 

as an absolutely bounded operator on provided v{x) < {x)~^~. 

Proof. The proof uses the expansion (I34p for M^(A) up to terms of size A® with error term 
M^(A), along with a Neumann series expansion that considers up to the term. □ 
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Remark 6.2. When there is an eigenvalue only, we take advantage of the facts that Si = S 2 , 
SiDq = DqSi = Si and SiP = PSi = 0 . The effect of this is that the leading terms in 
Si{M + Si)~^Si containing onlygf{\), {gf{\)Y, {gf{\))^, \^gf{\), gf{\)gf{\) and the 
\‘^'^{\)[DQPDQvG‘ivDQ + DuvG'ivDQPDQ] all vanish. 

This observation allows us to prove the following. 

Lemma 6.3. Suppose there is a resonance of the second kind at zero and PeVx = 0 . If 
v{x) < {x)~^ then we have the following expansion. 

(64) R±(A)-i = ^ + + 5? (A)i?4 + 

where Bi are absolutely hounded operators with real-valued kernels. 

Proof. Note that by the identities SiDu = DqSi = Si and SiP = PSi = 0 in Re¬ 
mark 16.21 many terms in (I63p cancels and recalling that by Lemma 18.41 the operator 
D 2 = is bounded when 5i = S 2 , we obtain 

R±(A)-i = [-X^SivGivSi- gf{X)SivG2vSi 

+ X^Gi + gt{X)G2 + A2g±(A)C3 + X‘^^{X)Ci + A^Cg + 02(A®+)]-i 
= -X-^D2[1 + X-^gf{X)SivG2vSiD2 + X^GiD2 

+ X-^gf{X)G2D2 + gt{X)GiiD2 + X^^{X)C^D2 + X^Gi,D2 + 02(A^+)]-^ 

Here the operators Gfs can be written explicitly, however, in our analysis it is enough to 
know that the decay assumption on v{x) ensures the boundedness of their Hilbert-Schmidt 
norms. 

To effectively invert the above expression in a Neumann series, we first recall D 2 = 
S 1 D 2 S 1 and Si = —wGqvSi. Also, by Lemma [831 we have Pe = G 0 VS 2 D 2 S 2 VG 0 . 

Using these and noting that in this section = 5*2 , we have 

(65) D 2 = 5iiA2*S'i = wGqvSiD2SivGow = wPeW. 

Further assuming PgVx = 0 , recalling that G 2 {x,y) = \x — yl"^ = {x — y) ■ {x — y), we have 

(66) D 2 VG 2 VD 2 = wPeV[x‘^ — 2x ■ y + y‘^]VPeW 

= wPeVx^lVPeW — 2wPeVx ■ yVPeW + wPeVly‘^VPeW = 0 

Note that using (l66|) the term A“^(7^(A)i4iS'iuG2u5i is zero. Hence, we obtain ([Mil . □ 
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Proposition 6.4. Assume PeVx = 0. If there is a resonanee of the second kind at zero, 
then for small A we have 

(67) M±(A)-1 = -^+Mi + ^^M2 + ^^M3+^(A)M4 + A2M5 + 02(A2+) 

where Mi are A independent and finite rank operators. 

Proof. Using the expansion (|63l) together with the fact that PSi = SiP = 0 we have 


(M^(A) + Si)Si = Si- X^DovGivSi - gf{X)DovG2vSi - X'^DqvGsvSi 

+ X^gf{X)DoPDovGivSi + X^DovGiDovGiSi + 02(A^+), 


5i(M±(A) + Si) = Si- X'^SivGivDo - g^{X)SivG2vDo - X'^SivGsvDq 

+ X^gfiX)SiPDovGivDo + X^SivGiDqvGiDq + 02(A^+). 
The assertion follows by applying Lemma 12.81 


□ 


To prove the main Theorem, we need a few lemmas. The following variation of stationary 
phase from m will be useful in the analysis. 

Lemma 6.5. Let 4>'{Xo) = 0 and !<(/)''< G. Then, 


/ oo 

-oo 


< 


'|A-Ao|<|ir^ 


1 |a(A)|dA 


+ 1^1 


-1 


KA)i 


'|A-Ao|>|tr^ v|A - Aop |A-Ao|. 

Define ^„(±A, \x — y\) to be kernel of n-dimensional free resolvent operator i?^(A^). Then 
we recall Lemma 2.1 in 


Lemma 6.6. For n>2, the following recurrenee relation holds. 

(^^)^n(±A, lx - y\) = ^an- 2 (±A, |x - y|). 

To prove Theorem 11.31 we need to bound the contribution of 

R^VR-^vM+{X)-\R^VR^ - RqVRqvM-{X)-^vRqVRq 

to the Stone formula, &■ There are a number of terms that arise when considering the 
difference with (j48p . which we bound in a series of Lemmas. 
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Lemma 6.7. Under the assumptions of Theorem Al.tA we have the bound 


sup 


[ r Xx{X)^-^^^^^^^^^^V{zi)Go{zuZ2Mz2)D2{z2,zs)v{z^ 
JR16 Jo X^ 


[i?Q (A^) - Go]{z 3 , Z 4 )V{z 4 )Rq {X‘^){z 4 ,y) dXdzi dz 2 dz 3 dz 4 




Proof. The proof follows from a delicate case analysis. The integrand can be seen to be 
of small enough in the spectral variable A to allow for one integration by parts without a 
boundary term. The A integral is now equal to 


( 68 ) 

(69) 

(70) 

(71) 


1 r 

2it Jq 


e*'^'x(A) 


dx{R+- R^){X^) 

A 2 

(i?+-«o)(A') 


+ 

+ 

-2 


A 2 

(i?+-i?o)(A') 

A 2 

(i?o+- i?o-)(A2) 
A3 


VGoVPeV[R+{X^) - Go]VR^iX'^) 
VGoVPeVdx[R^{X‘^) - Go]VR+{X^) 
VGoVPeV[R+{X^) - Go]VdxRU>^^) 
VGoVPeV[R+{X^) - Go]VR+{X^) 


dX. 


When the derivative acts on x(A), it can be controlled as in (j7ip . We first consider (I 68 p . 
using Rq (A^) — Go = gf (A) + A^Gi + (x) 2 (y) 2 02 (A 2 ) on the inner resolvent, and Lemma [ 6 Tl 
yields — i?(('](A^)(x, zi) = cAJo(A|x — zi|), we need only bound 


1 r 
t Jo 




X(A) 


AJo(A|x - zi\) 
A 2 


VGoVPeV[gtiX) + A^Gi + 0{xl)]VR^{X‘^ 


Here Jq is the Bessel function of order zero. Since PeVl = 0, the term containing gf {X) is 
immediately zero. Writing R^{X‘^){x,y) = Go + (1 + log” \x — y\)Oi{X‘^~) for the lagging 
free resolvent, we then need only bound 


U^^\{X)XJoiX\x - ziDVGoVPeVGiVGo + (1 + log” |z 4 - i/|)Oi(Ai+) dX 

The first term can be bounded by \t\~‘^ uniformly in x,y by Lemma 12 of m- The second 
term can be bounded by Lemma [8T71 using the observation Jo(A|x — zi\) = Oi(l). 

For ([69p . we use that 5A[i?(j’(A2) — Go] = cA(logA + 1) + 2AGi + (x) 2 (y) 20 (A 2 ). The 
first term can be safely ignored due to PgVl = 0 to consider 



1 

t 


i^o 


X(A)- 


-^^^VGoVPeV 

[AGi + ( 2 : 3)2 ( 2 ; 4 ) 20 (A 2 )] 1 /[Go + (1 + log [ 2:4 — y|)Oi(A^ )] dA. 
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By writing 

[R+-R^]i\^)ix,zi) = 


ciA^ + Oi(A^|x — Zip) A|x —zi|<Cl 

+ A|x - zil)-^) A|x - Zil > 1 


one can employ an approach as in the Born series. First, for A|x — zi| <C 1, the A integral 
is of the form 


1 r 

t Jo 


+ Oi(A‘^+) + Oi(A"'|x - zip)]x(A|x - zi|) d\. 


(. 0 + 


The first two terms are easily seen to be bounded by by integration by parts. For the 
last term, we note that the error term is supported on the set A < |x — to integrate 
by parts and bound by 

|2 

/ \rl\ < - 

~ 1+12 ■ 


\X — Zi\ 


i 


For A|x — zi| > 1, we note that the bound follows as in Lemmas 3.6 and 3.8 of [2D] by using 
Lemma 16.51 The bound follows as long as we can write the resulting integral in the form 


f 


with |a(A)| 


< 


At 


1 ) 

X — Zl 2 


|a'(A)| < 


1 


\-i I-' 

A 2 X — Zl 2 


Using |x — zi| ^ < A, these can be established from the bounds above. 
For (f70]l . we use Lemma IDTl and PeVl = 0 to bound 


1 r 

t Jo 


(R+-R^){X‘^)^ 


Jtx X^(^X)^ - -u /V-- ' VGoVPeV 


A 2 


[A^Gi + (Z 3 ) 2 (Z 4 ) 2 O2 (A2)] VR2 (A^) (Z 4 , y) d\ 


where R 2 denotes the two-dimensional Schrodinger free resolvent. Since 


A 2 


= Oi(l), 


we are left to bound 


1 r 
t Jo 


Xx{X)OiiX-^)R2{X^)iz^,y)dX. 


When A|z 4 — y| > 1, the analysis of Lemma 12 in [JT] yields the desired bound. When 
A|z 4 — y| <C 1, we note that 


|[Jo + fTo](A|z4 -y|)| < l + |logA|+log \z4-y\, \dx[Jo + iYo]{X\z4- 
which allows us to integrate by parts a second time without growth in x or y. 


< i 

~ A’ 
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For the final term, dZI]), we again need to consider cases based on the size of A|x — zij 
and consider 


1 r 
t Jo 




{R+ -Ro ){X^)VGoVPeVGiVGoO,{X) + {l + log- \z4-y\)Oi{X^+) 


dX 


The bound for the first term follows as in the bound for (j69p . while the bound for the second 
term follows from Lemma 18.71 

□ 

The following bound is proved similarly. 

Lemma 6.8. Under the assumptions of Theorem \1.3l we have the bound 

[R^-R^]{X^){x,z,] 


sup 


/ /' 

dRis Jo 


Ax(A)l 


A 2 


V{zi)[R^{X^)-Go]izi,Z2) 


v{z 2 )D 2 {z 2 , z^)v{zo)Go{zo, Zi)V{zi)R'^{X^){zi, y) dX dzi dz 2 dzo dz^ 
Then, we have 

Proposition 6.9. Under the assumptions of Theorem \ 1.31 we have the bound 




sup 


dRi6 Jo 




V{zi)Go{zi, Z2 )v{z2)D2{z 2, Z^fjV^Zo) 


Goizo, Z4)V{zi)R'^{X^){zi,y) dXdzi dz 2 dz^ dz^ 




To prove this proposition, we write 


Rq Rq 


^^VGovD2vGoVR^ 

= ^^^^^VGovD2vGoVGo + ^-J^^^^VGovD2vGoV[R+ - Go]. 

The first term is handled by the machinery set up in m, specifically Lemma 4.5. The 
second term requires more care. We introduce some ideas and techniques inspired by the 
two-dimenstional treatment from [mils]. We first note that 


i ?0 ^0 


i ?0 Ro 


i ?0 Ro 


-^^VGovD2vGoV[R+ - Go] = '^ VPeV[R+ - Go] 

and when PeVl = 0, we have 

[-^o" --Ro](A^)(3:,2i)- 


(72) [ 

Ju.i 


A 2 


-VPeV[R+ -Go]{zi,y)dzi dz^ 
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A2 


VPeV{[R^ - Go](z 4 ,y) - g{X,y)] dzi dz^ 


for any funtions f,g that are independent of zi and Z 4 respectively. To utilize this can¬ 
cellation, we must consider the different behavior for the resolvents for small and large 
arguments. We begin by noting ([7]) and ([ 8 ]) to see 

(73) [R^ - i?o ](A^)(x,y) = C|—^-^Ji(A|x - y|) = X^A{X\x - y|) 

In particular, we use (1721) to subtract off A2^(A(1 -|- |x|)). We define 


(74) G(A,P, q) := A{Xp)x{Xp) - A(Xq)x(Xq). 


To control the contribution of i?;)" — Gq, recalling ([ 8 ]), we defined G(X,p,q) to control the 
contribution of Ji, we now turn to the contribution of Ti. We have 

Y,{X\x-y\) 2 

A|x — y| vrA^lx —yp 

This leads us to define the function 


(A^)(x,y) -Go{x,y)] = Ji(A| 3 ; - y|) - ^ 


(75) F{X,p,q) = x{Xp) 

In addition, we define k{x, y) := 


YijXp) 2 
Xp 7rA2p2 

1 + log+ |y| +log 


x{Xq) 


yijXq) 

_ Xq 


X - y\. 


2 

'xX^q^ 


Lemma 6.10. Let p :=\x — y\ and q = 1 + \x\, then for 0 < A < 2Ai <C 1, 

\dlG{X,p, g)| < A^"^|p -q\< X^-’^iy), A: = 0,1, 2, 

\diF{\p,q)\<X-'^k{x,y), A = 0,1, 2. 


Proof. We begin with the bounds for G{X,p, q). We note that by the asymptotic expansion 
in ([9]), we have g{Xp) = A{Xp)x{Xp) = 1 -|- (Ap)^ -|- 04 ((Ap)^) Thus, g'{z) = 0(1), and by 
the mean value theorem, we see 

\G{X,p,q)\ = \g{Xp) -g{Xq)\ < X\p-q\\g\c)\ < X\p - q\. 


For the derivatives, we note that for k = 1,2, 

|9fG(A,p,g)| = |pV"^(Ap) -yV"^(Ag)| = l(Ap)V^)(Ap)-JAg)V"HAg)| 

Again, by ([9]), we have \dz[z^g^^'^]{z)\ =0(1) and then the mean value theorem we have 

|(Ap)V")(Ap)-(Ag)V'=)(Ay)| < A|p-g||5,[zV"H2)]| < A|p-g| 
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We now turn to the bounds for F{X,p,q). The bounds follow by the expansion (llOp . 
Note that adding the term 2 ( 7 rA^p^)“^ exactly cancels out the singular term. We thus have 




YiiXp) 


+ 


Xp 


- log(Ap/ 2 ) + biXp- log(Ap) + 62 (Ap)^ 

TT OTT 

+ 0((Ap)^log(Ap)) := b{Xp). 


From this expansion, we can see that 

(76) F{0+,p,q) = log + c < k{x,y). 

Similar to the two dimensional case considered in m, we have 

\dxF{X,p,q)\ = |px'(Ap) 6 (Ap) - qx'{Xq)b{Xq) + dxb{Xp)x{Xp) - dxb{Xq)x{Xq)\. 

The bound of X~^k{x,y) can be seen by using x'{^) is supported on z « 1 and 

|px'(Ap)6(Ap)| < j\zx'iz){l + logz)\ < 

Further, one has | 6 '(Ap)| < j. To bound F, we note ([761) allows us to bound 

|•2Xl ^2Ai 

(77) / \dxF{X,p,q)\dX< |PA:'(Ap)&(Ap)| + |gx'(Ag)6(A^)| dA 

Jo Jo 

|^2Xl 

(78) +/ \[dxb{Xp)]xiXp) - [dxb{Xq)]xiXq)\ dX. 

Jo 

The first line is seen to be bounded by the previous discussion. For the second line, we note 
that 

dxKXp) = ^ + bip + 0{p{Xpf-) = ^ + 0 . 

Thus, we can bound (178]) by 

— — 

I y[x(Ap) -x(Ag)] +x(Ap)^ + x(Ag)^dA < k{x,y). 

Jo A 2 Az 

The first integrand is bounded since x(Ap) — xiM) is supported on the set while 

the remaining pieces follow by integration using that A < p~^ on the support of x(Ap). 

For the second derivative, we note that 


\dlF{X,p,q)\ = |p^x"(Ap) 6 (Ap) - g^x"(Ag) 6 (Ag) +p[(9a&(Ap)]x'(Ap) - q[dxbiXq)]x'(Xq) 
+ [dlb{Xp)]x{Xp) - [dlb{Xp)]x{Xq)\ 
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By multiplying and dividing by A, and using that \z‘^b{z)\, \zb{z)\ < 1 for the terms with 
two derivatives on b, we note that since Xp < 2Ai <C 1, we have 

ISiMArtI </ + log(Art| < i 

□ 


Lemma 6.11. Under the assumptions of Theorem \ 1.31 we have the bound 


sup 

x,y£R^ 





Ax(A) 


^0 ^0 

A 2 


iX‘^){x,zi)x{X\x 


zi\) 


VPeV[R^{X'^) - Go]{z 4 ,y)x{X\z 4 -y\)dXdzi dz 2 dz 3 dz 4 



Proof. Considering the A integral, and ([72]) . we can replace [Rq — Rq ](A^)(x, zi)x{X\x — zi\) 
with X^G{X,pi,qi) with pi = \x — zi\ and (71 = 1 + |x|. We can also replace [i?^(A^) — 
Go]iz4,y)x{Mzi-y\) with X‘^G{X,p 2 ,q 2 ) + X'^F{X,p 2 ,q 2 ) withp 2 = \z4-y\ and q 2 = l + \y\. 
Thus, we are lead to bound the integral 

P^^"X^xWG{X,p4,q4)[F{X,p2,q2)+G{X,p2,q2)]dX 

By the bounds in Lemma 16.101 we can express this integral as 

lHzi,y) + {z4)l{2l)^”e“AA(A)02(A‘‘)dA < l*(^4.i/) + fa)](4i) ^ 

The A smallness allows us to integrate by parts twice without boundary terms to gain the 
\t\~‘^ time decay. 

We close the argument by bounding the spatial integrals by 



sup \\{-)V\\L4\Pe\\\L^^L4{-)H-^y)y\\p ^ 1- 


□ 


For when the Bessel functions are supported on a large argument, we recall that asymp¬ 
totics m and define the functions 

(79) G^{X,p,q) = x{>^p)w±{Xp) - e^^PP~‘^^x{Xq)w±{Xq), w±{z) = d(z~l). 

Here we have absorbed the X/\x — y\ from ([7]) to the asymptotic expansion. This allows us 
to write 

P^PG+{\p,q) + e-^^PG-{X,p,q) . 


[i? 0 + - R^]{X^){p)x{Xp) - [i2o+ - R^]{X^){q)x{Xq) = X^ 
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Lemma 6.12. For any 0 < r < 1, we have the bounds 
|G=^(A,P,g)| < (A|p-g|) 


Xi^p) , x(Ag) 

3-t ' 


|Ap| 




v |Ap| 2 \Xq\ 2 / 

V |Ap| 2 |Ag| 2 / 

Proof. We prove the case for and ignore the superscript. The bound 

(80) |0(A,p.,)|<(h^ + ib$) 

\ |Ap| 2 \Xq\ 2 / 

is clear. To gain A smallness, we define the function c(s) = x{s)w{s) which satisfies 
^ x{s)\s\~^~^ to write 

(81) G{X,p,q) = c{Xp) - c{Xq) + (l - e*^(P"''))c(Ag). 

The second summand is easily seen to be bounded by 

A|p-g||c(Ag)| < X\p-q\^^^. 

\Xq \2 

For the first term, without loss of generality we assume that p > q to see 


|c(Ap) - c{Xq)\ = 


rXp p\p ^ g 

/ c'{s)ds < / x('S)|sr2ds. 

JXq JXq 


In the case that 1 < Ag < Xp, this integral is bounded by 

In the case that Ag < 1 < Xp, we bound as 


\Xq\l' 


[ x(s)l'S| ^^ds<x{><p)[ s ^ ds < x(Ap) ,3 ^ ^ x(Ap) 
Jxq Jl lAuh 


|Ap| 


(Ap)i-(A(7)I 

3 

|Ap|2 


~ |Ap| ’ 


< 


where the last bound follows by 

Vs ds < \b - a\Vb. 

J a 

Since Xp, Ag > 1, the dominant term is the bound 

Interpolating between this and the trivial bound (fHOll . one obtains the desired bound. 
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We now turn to derivatives, rather than rewriting G we use (I79p directly to see 

\dxG{X,p,q)\ = \pc'{Xp) - i{p - q)e^^<^P-^^c{Xq) - qc'{Xq)\ 

ci{Xp) + ci{Xq) 

^ - 5 ;^- + \p- q\c[Xq) 

Here ci(s) := sc'(s) satisfies the same bounds as c{s). This suffices to prove the desired 
bound for the first derivative. For the second derivative, we again use ([7^ to see 

\dlG{X,p,q)\ < \p‘^c’’{Xp) + {p-qfc{Xq) + {p - q)qc!{Xq) + q^d{Xq)\ 

^ - 5^2 - + \p-q\ c{Xq) ^ -^ci(Ag). 

With C 2 (s) := s^c!'{s) satisfies the same bounds as c{s). This establishes the desired bound. 

□ 


Lemma 6.13. Under the assumptions of Theorem \1.3l we have the bound 


sup 

c,j/eR'‘ 


r poo n+ _ r>— 

/ / Ax(A) ^ iX'^){x,zi)x{X\x - zi\) 

./RI6 Jo 


A2 


VPeV[R^{X^) - Go]iz 4 ,y)x{X\z 4 ^ - y\) dXdzi dz 2 dz 3 dz^ 


< 


1-2 


Proof. As in the proof of Lemma 16.111 we employ the functions F, G and G as needed. 
We will prove the bound for F in place of — Go] as this is larger in A. We define 

Pi := max(|x — zi\, 1 + jxj) and p 2 := min(|x — zi\,l + jxj). Accordingly, we see to bound 

P^^'x\{X)e^^^P^GiX,pi,p2)F{X, qi,q2) dX. 

The A smallness of the integrand allows us to integrate by parts once without boundary 
terms to bound with 





>dxWe^"^^^GiX,pi,p2)F{X,qi,q2) 


dX = 


POO 

/ e**7±A)a(A)dA. 

Jo 


Here 4>±{X) = A^ ± Xp 2 t In Lemma 3.8 of [13] . using Lemma 16.51 it is proven that 

1 


1*00 

/ e**'^±(^)a(A)dA 

Jo 


< 

III? 


provided 


|a(A)| 


< 

r\-i 


VA)a1 (^ , |„-(A)| < ,,(a)aA ( ^ 


Pi 


Pi 


1 / 

2 / 


Pi 


Pi 


1 / • 

2 / 
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Since we have 


The bounds of Lemma lh.lOl and 16.121 give us 

a(A) = p 2 di{X‘^)G{X,p 2 ,pi) + di{X)G{X,pi,p 2 ) + diX‘^)dxG{X,p 2 ,pi) 
satisfies the desired bounds. 


□ 


Lemma 6.14. Under the assumptions of Theorem E3 we have the bound 


sup 


f 


\ . ^0 i \2 


Ax(A) 


(A ){x,zi)x{Mx - zi\) 


A2 

VPeVlR^iX"^) - Go]iz4^,y)x{X\z4^ - y\) dXdzi dz 2 dz 3 dz^ 


<ir^- 


Proof. We note that the contribution of Go(^4, y)x(^k4 “ 2/1) = 02(A^). Thus, it’s contri¬ 
bution may be bounded by 

Rit - Rn 


pc. 

f e'“ Ax(A): 


''0 /\2 


(A ){x,zi)x{X\x - zi\)02{X )dX. 


This can be bounded by as in the proof of Lemma 16.131 when the auxiliary function 
F{X,p, q) is used. 

Assume that t > 0 and recall ([7]) and (fT^ 


- y|) = ± 


A 


H^{X\x - y\)x{X\x - y\) 


4 27r|x — yl 
A 


\x - y\ 


e±*^l^-^lw±(A|x-y|). 


While for the difference of resolvents we have both the ‘+’ and phases, 

A 


[R^ - RQ]{X‘^){x,y)x{X\x - y\) = 


UM^-y\uj+{X\x - y\) + e-*^l’’’-^la;_(A|x - y\) 


\x-y\ _ 

To employ the auxiliary functions G we denote pi = max(|x — zil, 1 + |x|), p 2 = min(|x — 
zi\, l + |x|), qi = max(|y-2;4|, l-)-|y|) and q 2 = min(|y-Z 4 |, l + |y|). Assumingpi,p 2 , gi, g '2 > 
0 we can exchange [Rq — ](A^)(x, zi) by sum of two terms A^e^*'^^’^G^(A,pi,p 2 ) and 

[R^{X‘^) - Go]{z 4 ,y) hy X‘^e^^'^^G~^{X,qi,q 2 ) + 02iX‘^). As a result, we need to establish 
r /*oo ^ ^ 

/ / U^^^^^h\{X)G^{X,pi,p2)VPeVG+{X,qi,q2)dXdz<t-^ 

Jo 
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where 


</>±(A) = A^ + A 


92 ±P2 
t 


We consider first when the phase is (/>+. Note that the powers of A allow us to integrate 
by parts once without boundary terms to obtain 


1 r 

t Jo 


dx A2x(A)e'^('?2+P2)c<±(A,pi,p2)G+(A,gi,(?2) 


dX = 


eit0±(A)^(A) dX. 


It is now enough to show 
(82) 


eit^±Wa{X)dX 


<1 


To do that we need to determine the upper bounds for |a(A)| and |a'(A)|. We have 

l«(A)| < dx[X\{X)e^^(P^+i^m+{X,puP2)G+{X,quq2)] 


(83) 


< 


xiX){zi){z4) 


x(Api) , x(A92)\/x(A9i) , x(A92) 


+ 


+ 


i / ' 
,2 / 


Pi Qi % 

If the derivative acts on one of the G(A,pi,p 2 ), using the bounds of Lemma [6.121 we have 

,.(A)V(IP. - p,i + A-‘) (+ hi®)) ( 

V|Api|! |AP2|’/V|A9 i|i |A?2|5/ 


;,(A)A(..) (hlh ^ ^ ^ 

|Agi|2 |Ag2|2/ 


|Api|2 |Ap2|2/ V 

where we used that Xpj,Xqj > 1 and \pi — P 2 I ^ (^i)- The desired bound then follows by 
cancelling the A in the numerator with A 2 in the denominator of each factor. The argument 
is identical for G{X,qi,q 2 )- Similar bounds hold if the derivative acts on A^ or the cut-off 
function x(A), noting that |x^(A)| ~ A“^ on the range of A under consideration. 

On the other hand, if the derivative acts on (|83p we use 


\2 Aim Apim ^ \7\ a/^x(Api) x(Ap2)Wx(A9i) , x{M2)\ 

A P2 G{X,pi,p2)G{X,qi,q2) = X{Xp2)[ - —^ ^ 1 {-—^ ^ ) 


< 

rs_/ 


3 ' 3/1 3 ' 3 / 

|Api |2 |Ap 2|2 / V |Agi |2 \Xq 2\2 y 
xY x(Api) HAP2) \ / xiMi) x(Ag2) \ 


|Api|2 |Ap2|2 / V |Agi|2 \Xq 2\2 J 


< 

r\j 


( x(Api) x(Ap2) ^ ( x{Mi) x(Ag2) ^ 






+ 


1 I' 

72 / 


Pi Pi ' " 9i 92 

Here we used p 2 < Pi- An identical argument holds for q 2 . Similarly, one can obtain the 
first derivative of a(A) as 


(84) 


»'(A)I < (a.)Ia4)Y(a)a-‘ (him) + . 




Pi 


Q2 


1 / 
2 / 


q{ 


% 


1 / • 

2 / 
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This can be seen by noting that the bound in Lemma 16.121 show that if 0 < A <C 1, 

k 


\diG^{\pi,P2)\ 


{pi - P2) ^ ^ x(Api) ^ x(Ap2) ^ 


k = 0,1,2. 


V|Api|2 |Ap2|2/’ 

The desired bound, ()82p . follows as in Lemma 3.10 of m- 

We now turn to the case of </>-(A) which has opposing phases. We wish to reduce to 
previously considered cases as much as possible. We note that if ^q2 > P2, we have q2—P2 ~ 
q 2 , this allows us effectively reduce to an integral of the form 

/ e^^^"+^^^^X\{X)G-{X,pi,p2)G+{X,qi,q2)dX. 

Jo 

This can be controlled as in the proof of Lemma 16.131 to get the desired bound since the 
constant (in A) 02 satisfies the same bounds as q 2 - The bounds on G~{X,pi,p 2 ) are bounded 
by those used in F{X,pi,p 2 ) in this proof. 

In the case that q2 < ^P2, we have 92 ~ P 2 ~ ~P2, this allows us effectively reduce to an 
integral of the form 


e''^'-'^'^A3x(A)G-(A,pi,p2)G+(A, gi, ^ 2 ) dX. 

This also can be controlled as in the proof of Lemma 16.131 to get the desired bound using 
that the constant 62 satisfies the same bounds as p 2 - 

We now consider the final case in which q 2 ~ P 2 j and we cannot effectively reduce to the 
previous cases. In this case, we need to bound an integral of the form 

^ ^x,qi,q2)dX. 

In the previous cases, we do not integrate by parts twice to avoid spatial weights. In this 
case, we use the A smallness to integrate by parts twice. We need to bound 

poo 

(85) / e*‘^%*^(®-P2)6(A)dA. 

Jo 

Using the bounds in Lemma [6.121 6 (A) is a function that is supported on [0, 2Ai) that 
satisfies 




< 

('N_/ 


;^3-fc ( x(Api) x(Ap2) \ f x(Agi) x(Ag2) \ 

V|Api|i |Ap 2 |^ / V |Agi|i |Ag 2 |^ / 


( 86 ) |9,^6(A)| 

Thus, upon integrating by parts twice, we have 


k = 0 , 1 , 2 . 


1 


< — + 

- F 


1 r 
^ Jo 


dXX 


e*^('?2-P2)5(A) 


dX. 


The boundary term occurs if the first derivative when integrating by parts acts on 6 (A), 
then to set up the second integration by parts there is an effective loss of three powers of A. 
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We then note that (l86|) gives us that |A ^6'(A)| < 1. We now move to control the integral. 
By absorbing the division by A into 6(A), we have to bound 


(87) 


+ hv^) (+ xM) 

V|Api|i |AR|tA|A5,|i |A®|i/ 


/*oo ^ 

/ E|^2 

A:=0 

When A: = 0, the integral is seen to be bounded by 

Jo V I Am 1 2 IAP 2 I 2 / V lAaila |A(72|2 / Jr 


x(Ap2) 


5 ^ 

A 2^2 


dA < 1. 


|Agi|2 |Ag2|- 

Here we used the crude bound of a constant for all the terms involving qi,q 2 , and using 
that P2 < Pi- If A: = 1, we recall that P2 < Pi, q2 < qi and P2 ^ q2- We use the bound 
\P2 — Q2\ ^ P2, and bound the terms containing qi, q 2 with a constant, to see 


f 


I I ,,yx(Api) , x(Ap2)^/^x(Agi) , x(A92)^ 


I 


P 2 X{>^Pl) , x(Ap 2 ) 


+ 


0 I Xpi 1 2 A 2 |p21 2 


rdA< [ 

2 Jo 


x(Ap2) 


0 A2IP2I2 


fdA<l. 


Finally, if A: = 2, we seek to bound 


f I i2x ,^^|^x Apl) , x(Ap2A/^X Agi) , X Ag2A 

/ \P 2 - q 2 \ Ay(A) I —^ ^ I —^ ^ dA. 

do V|Api |2 |Ap 2|2 / V |Agi |2 |Ag 2 | 2 / 

This time, we may not ignore any terms with a crude bound of a constant. Instead, we use 

the dominating terms and p 2 ~ q 2 to bound with 


Jo \ \Xp 2\2 |Ag 2 | 2 / do 


f 00 

W 


x(Ap2) x(Ag2) 


P2 


Q2 


dA< 


x(Ap2) 

X^P2 


dX < 1. 


□ 


It is now a simple matter to prove 

Lemma 6.15. Under the assumptions of Theorem \ 1.31 we have the bound 


sup 

Cjj/eR"^ 


JR 16 Jo 




Ax(A) 


Rt -K 


0 l\2 


A2 


VPeV[R'^{X^) - Go]{zi,y)x{\\zi - y\) dXdzi dz2dz3 dz^ 


(A )ix,zi)x{Mx - zi\) 


|t| 


-2 


We can now prove Proposition 16.9 


Proof of Proposition 16.91 The bound follows from the bounds in Lemmas 16.11116.15116.131 
and 16.141 The ample decay of V more than suffices to ensure that the spatial integrals are 
bounded as in Theorem EH 
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□ 

We now proceed to the proof of Theorem 11.31 We note that the assumption = 0 is 

already satisfied when there is a resonance of the second kind at zero. 

Proof of Theorem. 1 1. .il . As in the previous sections, we need to understand the contribution 
of (j67ll to the Stone formula. Thanks to the algebraic fact (|48l) we have three cases to 
consider; the case when the ‘+/-’ difference acts on the case when the difference 

acts on an inner resolvent, and the case when the difference acts on the leading/lagging 
resolvent. 

We first consider when the difference acts on M^(A)“^. By Proposition 16.41 we 

have 

M+(A)-i - M-(A)-^ = A^Me + 02(A2+) 

for an absolutely bounded operator Mg. The A smallness this brings to 

R^VR^vM+{X)-\R+VR^ - RqVRqvM-{X)-^vRqVRq 

allows us to consider this under the framework of the Born Series. The analysis in Lemma 3.8 
of [20] can be applied to show that the contribution of this difference to the Stone formula 
can be bounded by uniformly in x,y. 

When the difference acts on an inner resolvent, with some work, we can again 

reduce this to integrals bounded in the analysis of the Born series. Consider, the following 
as a representative term 

(88) fio-(A2)P[i2+ - R^]{X^)vM+{X)-^vR+{X)VR+{X^) 

Here we note that we can express [i2)}’(A^) — i?(^(A^)] = cX"^ + 02{X‘^\zj — by using the 

small argument expansion of the Bessel function (|9|), while if X\zj — Zjj^i\ > 1, one employs 
([35]) with a = I — /c for /c = 0,1, 2. Then, writing M~^{X)~^ = —D 2 fX‘^ + 0(1), we have 

[R+ - R^]{X^)vM+{X)-^ = (cA2 + d 2 {X% - z,+i\^))v[ - ^ + 0(1)] 

= -c 1 vD 2 + {Zjf{Zj+ifd 2 {X'^) = {zjf{zj+ifd 2 (X^). 

The last equality holds due to the identity vD 2 = VS 1 D 2 S 1 = VPeW we have IVD 2 = 
IVPeW = 0. The growth in the inner spatial variables Zj,Zj+i can be absorbed by the 
decay of the potential functions V and v respectively. This again allows us to use the 
analysis of the Born series in Lemma 3.8 of m to bound its contribution to the Stone 
formula by uniformly in x,y. 
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Finally, we consider when the ‘+/-’ difference acts on a leading free resolvent. By sym¬ 
metry, the calculations are identical if the difference acts on the lagging free resolvent. We 
first note that by Proposition 16.41 we have = —D 2 /\^ + 02(1)- When the error 

term 02 ( 1 ) is substituted into 

(89) [R^ - Rq]VR^vM+{X)-^vR^VR^ 


the desired bound again falls under the framework of the analysis of the Born series, this 
time using Lemma 3.6 of [2Uj. We now consider only the contribution of 
We need only consider the contribution of 


° ° VRlvD^vRlVRl 


(90) 

(91) 

(92) 

(93) 


= ^ V[R+ - Go]vD 2 v[R+ - Go]VR+ 

+ V[R+ - Go]vD2vGoVR+ 

+ VGovD2v[R+ - Go]VR+ 

+ ~ VGovD2vGoVR+ 


The smallness of Rq — Gq occuring at ‘inner resolvents’ in (j90p allows us to bound this 
term as in the Born series. The remaining terms are bounded by Lemmas 16.71 16.81 and 
Proposition 16.91 


□ 


7. The Klein-Gordon Equation with a Potential 


In this section we prove the bounds in Theorem ll.4l that control the solution of a perturbed 
Klein-Gordon equation. We note that much of our analysis is greatly simplified due to the 
expansions and analysis performed in previous sections in the context of the Schrodinger 
operator. Much of the analysis of the oscillatory integrals proceeds similarly with the 
multipliers A and cos{ty/X'^ -|- m^) A in place of the multiplier 

We employ the following consequence of the classical Van der Corput lemma, see for 
example [42j . 


Lemma 7.1. //</>: [0,1] — >■ M obeys the hound |(?!)(^)(A)| > ct > 0 for all X G [0,1], and if 
■0 : [0,1] —>■ C is such that ip' G L^([0,1]), then 


[ e^^^^^{X)dX 
Jo 


<t-^\mi)\+ iv^'(A)|dA . 
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In particular, we employ this lemma with the phase 4‘{X) 
p € M. In this case, we have 


±t\/+ Xu for some 


l<^"(A)|=t 


m 


-T > —> 

(m2 + A2)2 m 


m > 0. 


Accordingly, this lemma is quite useful when analyzing the Klein-Gordon with non-zero 
mass m?, but an alternative approach is required for the wave equation, when m? = 0. 

Recalling (IlSp . we need separate analysis for the contribution of the finite Born series, 
(IISl), and the singular portion of the expansion which is sensitive to the existence of zero- 
energy resonances and eigenvalues, (HZl). 

To control the first term in the Born series, we note 


Lemma 7.2. One has the bound 


f 


sin 


(tVWT 




yJX^ + m? 


-Xx{X)[Rt-R-^]{X^){x,y)dX 


cos{t^/ A2 -I- 777 ,2)Ax(A)[i?^ — Rq ](A^)(a:, y) dX 


< 

rs_/ 


< 

rs_/ 


uniformly in x,y. 


This reflects the natural dispersive decay rate of |t| 2 for a wave-like equation in 


Proof. The bound is established by integrating by parts once, then using Lemma l7.ll We 
need to consider two cases, based on the size of A|x — y|. We consider the first integral by 
writing sin(z) = the second integral follows similarly using that y/X^ + m? = 

0(1) on the support of x(A). 

In the first case, if A|x — y| <C 1, we have from ([16|) . 

(94) Rt-R^{X^){x,y) = cX^ + d2{X^{X\x-y\r), 0 < e < 2. 

Using we need to control 

poo i.it'/JP+rnX 

/ /x2 I 2 “ ^0 ](A^)(x,?/)x(A|x - y\) dX 

Jo V A^ -|- 

_ ^-](x 2 )(^,y)) dX . 

From the expansion (j94[) . there are no boundary terms when integrating by parts. Using 
(j94p . we note that differentiation in A is comparable to division by A we can apply Lemma[7T] 
with ip{X) = x(A)[ 2 cA -h Oi(A(A|x - y|)")] -h x'{X)[cX‘^ + 02 (A 2 (A|x - y|)")], then V'(A) = 
x(A)Oi(A), and ipiO = 0, X' ^ !])• 
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When \\x — y\ > 1, we do not employ any of the cancellation between and -Rq , instead 
we use the representation (fT^ to bound 


I 


oo giRVA-W Xe^M^-y\uj+(X\x - y\) „ 

Ax(A)-^^- dX 


yJX^ +w? 


\x - y\ 


Here we consider the ‘+’ phase in (| 12 |) . the phase is handled identically. As before, we 
can integrate by parts once without boundary terms and bound 

Xe^^\^~y\oj+{X\x — y|)' 


1 / 


\x - y\ 


One can see that |a(A)| < A 2 |x — y| 2 and |a^(A)| < (A|x — y\) 2 . Thus, using Lemma ITTI 
we can bound with 


1 


\a'{X)\dX<^ 


X 2 


1 


2 JO 


- dX < —3 - 1 

^ Jo |x — yl 2 \t\^\x — yl 2 


Noting that, on the support of x(A) if A|x — y| > 1, then |x — y| > 1 . 

For the remaining terms of the Born series, we have the following bound. 
Proposition 7.3. If |H(x)| < {x)~i~, then for any G N U {0}, we have 

sin(t\/A^ + vn?)' 


□ 


sup 

c,j/eR'‘ 


cos {t-\/ A^ + no?) + 


VA^ + m? 


Ax(A) 


21+1 


Y,{-^f{RtiyRtf-RoiyRof] 


k=0 


{X‘^){x,y)dX 


< 

rs_/ 


Proof. We note that the case of A: = 0 was handled separately in Lemma 17.21 To handle 
A > 1 , we recall (l 8 |) and the asymptotic expansions, m, dm) and dm) to write 


-^ + 02(A2|x-y| 2) 


R*(A^)(x y) = •\ y\ ‘) ^ 1 ® 2 / 1^1 

° ’ I ]^(e*^'"'"^'w+(A|x-y|) + e"*^l"'"2^la;_(A|x-y|)) A|x - y| > 1 

When we encounter [Rq — Rq ](A^)(x, y), there is cancellation when A|x — y| <C 1, but no 
useful cancellation can be found when A|x — y| > 1- Thus when A|x — y| > 1, the same 
asymptotics apply, with slightly different functions uj± that satisfy the same bounds. 
Recall that we have 

[R([ - Ro](A^)(x,y) = cA^ + 02 (A^(A|x - y|)^) 0 < e < 2 , A|x - y| <C 1 

= 02(A^|x - y|" 5 ) 


(95) 
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Let JU J* = {1,2 ..., A: + 1} be a partition. Omitting the potentials for the moment, we 
need to control the contribution of 


(^0 = 






+ 02iX^r, 


where rj = \zj-i — Zj\ are the differences of the inner spatial variables with zq = x and 
Zk+i = y- We note that for j G J we have the support condition that Xrj > 1 and for 
i G J*, we have Ar* <C 1. As the different phases for the large Xrj contributions do not 
matter for our analysis, we will abuse notation slightly and write to indicate a 

sum over all possible combinations of positive and negative phases in the product. 

We note that we need only use the difference of the ‘+’ and phases when J = {0}. 
For the remaining cases, we can estimate each term separately without relying on any 
cancellation. We first consider when J ^ {0}. We wish to bound 




A + 


A 


VA^ + 




16 J 


ieJ* 


3 - 


dX. 


Since J / {0}, we can integrate by parts once without boundary terms to bound 




Vj 

j&j ^ 


9a<{ (l + \/+ m?)x{X) — {X'‘^''^uj±{Xrj 

n f4 + 04AtA*: 


ieJ* 


dX. 


Thus, we wish to control integrals of the form 


( 96 ) 


„±itVA^+m^± jA n J 


i){X)dX. 


To control ''^6 note the following bounds: 
X(A), \/X^ + w? = 0 ( 1 ), 


giiAr^A , , 

Ai 

1 ~ 3 —A 

u;±{Xrj) 


— + 02(A2ri ) 

O 

ry> 2 



< J- 


giiAr^A 

9a( - ^±{Xrj\ 


<ii 

1 ') 
/ y ^ 2 

j 


9a ( \ + 02{X2r. 2) 


= Oi 


A^ 

“T 

/»^2 


Where we used that 02 (A 2 r^ ^) ^ O ^ when Ar* <C 1. So that 


fc+i ,1 
A2 


wA)i<E= n 4n?+n4 n p 

e=i r/ rj ieJ* * jeJ * ■ 


( 97 ) 
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Since we have factored out the high energy phases , differentiation of ip is comparable 
to division by A, so 


(98) 


|9ai!’(A)| < 


fc +1 ,_i 
A 2 


Lemma rrn shows that 


i=\ r 


k+l 


n 4 n?+n 4 n 4 

l^j&j rj ieJ* * j&J Tj * ■ 


n 4n4+n4 n 

r 2 j, — ^2 L o_LAr- 7 'r 2 -^7* ' % -f- 7 'r 2 Q/Zr- 7 


1 
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£=i '-e^jej rj iej* * jeJ e^iej* *2 

when J / {0}. 

On the other hand, when J = {0} we need to use the difference of + and - resolvents 
to be able to integrate by parts without boundary terms. In this case, we need to control 
integrals of the form 

1 r f (1 + + m2)x(A) J] 02(Air7^) n (^ + O^iX^rP)) \ dX 

^ Jo I e_/_i VO / J 


£izi 


Again, we gain the extra \t\ 2 decay by using Lemma l7.ll In this case, again using that 

~ 3 —1 

02 {X^r- < r~^ when Ar* <C 1, we have 


k+l . 1 
A 2 


, k+l 

WA)I<E0E?' I8a^WISE^E;3- 

£=1 r| £^i * £=1 r| i-^i * 


So that, in this case. 


1 


1 1 

UM £=1 rl I^i * 


To see the necessary decay assumptions on the potential, we have to ensure that 

/c+l -,r -1 k 


(99) 


ix\ n4n4+n4 n 4 nu 

£=i r; '-£:jijej rf i&j* * j&J rj £z^i(^j* *- 1771=1 


Zm) dz 


£=i O ^£^jeJ ‘-j 

with dz = dzi dz 2 ■ ■ ■ dzk is bounded uniformly in x, y for every choice of partitions J and 
J*. Using Lemma 18.121 we note that 


( 100 ) [ 

\ze-i 


1 


+ 


1 


_1 - Z£|2 V|2;£ - Z£+i|2 \Z£ Z£+l\ 


dz£ 


< 

r\j 


{Z£_l - Z£+l) 2 


< 


\zi-i - Zl+X 
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So that, upon integrating in z^, we pass forward a decay of size — 2 :^+ 1 1 2 ^ which allows 
us to iterate the bound in (jlOOp until we have 


as desired. 


sup (IMI) < sup (x - y) 2 < 1, 

a:,ySR‘^ x,yGS.‘^ 


□ 


We note that, in our application, we need only establish the bound in Proposition 17.31 for 
£ = 1. That is, we need only bound the hrst three terms of the Born series. To accomplish 

9 

this, one can lower the assumptions on the potential to |P(x)| < which is slightly 

less restrictive than we assume in the statement of Proposition 17.31 


Proof of Theorem \1.4\ We need only bound 

( 101 ) 


sup 








- Rq{\^)VRq{\^)vM-{\)-^vRq{\^)VRq{\^)] dX 

We proceed as in the proofs of Theorems 13.1114.11 and 15.11 using the oscillatory bounds in 
Lemmas 18.8118.9118.101 and 18.111 in place of Lemmas 13.2113.51 and 18.71 respectively. 

Again, a sharper bound requires an interpolation with the results in m- In considering 
the wave equation, we have growth at a rate of t/logt for the sine operator due to the 
bound 


sin(tA)x(A)T(A) dX 


<_L 

~ logC 


t > 2 


when T(A) = Oi((Alog A)“^). This can be replaced with the bound of Lemma 18.81 for the 
desired bound of 1/ (log t) for the Klein-Gordon using the ideas and methods illustrated 
above. 

□ 


For the wave equation, we need to bound integrals of the form 





^ jeJ 


..iiAr-i 


w±(Ar, 


n (;:2 + 02 {x 

i&J 


3 _ ± 

2 'p. ^ 


.dX 


Here, one cannot use the Van der Corput lemma, Lemma 17.11 Instead, one must use an 
integration by parts argument and case analysis based on the size of t ± rj compared to 
t. This can be done as in the case when n = 2 considered in Section 4 of [26]. The most 
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delicate case will be when 1 or /c + 1 G J. In that case, we can safely integrate by parts 
once. Without loss of generality, we assume t > 0. Consider the worst case for the index 
j = 1, when the high energy contributes the phase. The analysis for j = k + 1 is identical. 
When t — ri < tl2, we have that t < ri, and we need to bound 


1 r 

t Jo 


n 

rl i^jeJ rf i&j* ^ * 


d\ 


n 4n4 

ieJ* * 


On the other hand, if t — ri > t/2, we can integrate by parts against the phase to 

gain a time decay of Interpolating between that bound and the bound of one 

3 

can get from the above integral gets the desired |t|~2 decay rate. If j = 1, A: + 1 ^ J, one 
can integrate by parts twice without a case analysis to get a bound of 

This analysis will require that |I^(x)| < . As in the analysis of the Born series for 

the Schrodinger evolution, this can be seen by examing the case when two derivatives act 
on a phase when integrating by parts, and we need to bound the integral 



This can be bounded by a constant, uniformly in Zj-i provided |B(x)| < . We leave 

the remaining details to the interested reader. 

We conclude this section by remarking that the bounds proven for the Klein-Gordon 
allow us to conclude similar bounds for wave equation with the unfortunate growth in t 
for the sine operator as seen from the estimate above used in M- We do not investigate 
the high-energy dispersive bounds, as this requires a much different approach and requires 
smoothness on the potential and initial data, see [8]. We suspect that high energy bounds 
for the Klein-Gordon should follow from the bounds for the wave equation. Similar issues 
in, for example, Kato smoothing estimates are discussed in m- High energy weighted 
bounds for the Klein-Gordon were proven in [33] in two spatial dimensions, we believe a 
similar analysis can be performed in four spatial dimensions. Our low energy —)• L°° 

bounds imply the weighted estimates on L‘^,0- l2-a' fQj. 

any a, a' > 2. 


8. Spectral Theory and Integral Estimates 

We repeat the characterization of the spectral subspaces of and their relation to 

the invertibility of operators in our resolvent expansions performed in m for completeness. 
We omit the proofs. The results below are essentially Lemmas 5-7 of |15] modified to suit 
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four spatial dimensions. In addition, we give proofs of some integral estimates that are used 
in the preceding analysis. 

Lemma 8.1. Suppose |L(x)| < {x)~^. Then f G 5iL^ \ {0} if and only if f = wg for some 
g G \ {0} such that 

(_A + y)5 = 0 

holds in the sense of distributions. 

Recall that S 2 is the projection onto the kernel of SiPSi. Note that for / G 5'2L^, since 
S 2 and P are projections and hence self-adjoint we have 

(102) 0 = {SiPSif,f) = {Pf,Pf) = WPfWl 

Thus PS 2 = S 2 P = 0. 

Lemma 8.2. Suppose |R(x)| < Then f G ^ 2 ^^ \ {0} if and only if f = wg for 

some g £ \ {0} such that 

{-A + V)g = 0 

holds in the sense of distributions. 

Corollary 8.3. Suppose |R(x)| < {x)~^~. Then 

Rank{Si) < Rank{S 2 ) + 1. 

Lemma 8.4. If |R(x)| < {x)~^~, then the kernel of S 2 VG 1 VS 2 = {0} on 82 !^^. 

Lemma 8.5. The projection onto the eigenspace at zero is GqvS 2 [S 2 vGivS 2 ]~^S 2 VG 0 . 

8.1. Oscillatory Integral Estimates. We have the following oscillatory integral bounds 
which prove useful in the preceding analysis. Some of these Lemmas along with their proofs 
appear in Section 6 of m or Section 5 of |20], accordingly we state them without proof. 


Lemma 8.6. If k £ Nq, we have the bound 


Lemma 8.7. For a fixed a 
for some 0 < Ai < 1. Then, 


f 


X(A)A^ dX 


^ I ,-h+l 

^1^1 2 ■ 


> —1, let /(A) = Ofc+i(A“) be supported on the interval [0, Ai] 
if k satisfies —l<a — 2 k<l we have 
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In addition, we make use of the following oscillatory integral estimates that allow us to 
bound the Klein-Gordon and wave equations. 


Lemma 8.8. IfS{X) = Oi((AlogA) then form > 0 


f 


sin(t\/ A^ + m^) 






Xx{X)£{X)dX 


1 


Further, 


POO _ 

/ cos (t\/A^ + m‘^)Xx{X)£{X) dX 

Jo 


- iiogtr 


<_ i _ 

~ |logt| 


t > 2. 


t > 2. 


Proof. We prove the first bound, the second bound follows similarly. We divide the integral 
into two pieces. First, on 0 < A < t~^, we cannot use the oscillation. Instead, we use 
0 < m < VA^ + to bound with 


1 


dX 


lo A(logA) 2 
On the remaining piece, where A > t~^, we write 


< _ I _ 

~ |logt| 


sin(t\/A2 + m2) = — cosfty/ A2 + m2) 

At 


to facilitate an integration by parts. So we need to bound 

i: 


sm{ty/ A2 + m2) , I 




Xx{X)£{X) dX = - / —d\ cos(t\/A2 + m‘^)xiX)£{X) dX 


— COs(t\/A2 + m2)x(A)^(A) 


^ 1*00 

+ / COS {t^/>J~+^)xiX)£{X) dX 
-1 Jt-i 

poo 

|9Af(A)| 


<L ^ 


dX< 


1 


(logt)2' 


t (logt)2 

The final integral is bounded as in the proof of Lemma 13.21 For the cosine integral, one 
uses that y/X^ + < 1 on the support of x(A). 

□ 


Lemma 8.9. If £{X) = 02(A") for some —1 < a < 1, then for m > 0 

sm{tV A2 + m2) 


/ 


\/A2 + m2 


-XxiX)£iX)dX 


< i ^ 2 


Further, 


cos {t\/ A2 + m2)Ax(A)T(A) dX 


< t ^ 2 


t > 2. 


t > 2. 
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Proof. We prove the first bound, the second bound follows similarly. We divide the integral 
into two pieces. First, on 0 < A < t“ 2 , we cannot use the oscillation. Instead, we use 
0 < m < VA^ + to bound with 


_ 1 

^0 


A^+“ dX 


S. t 


- 1 -- 
-L O 


On the remaining piece, where X > t 2 ^ we need to integration by parts twice. So we need 
to bound 


£{t 2 ) ^ dx£{t 2 ) , 1 

+ 3 + 


t 


as desired. 


t 2 


poo 


dx 


x/X^ +171^ 


dx£{X) dX 


1 

+ i , A“-3dA<t-i-t 




□ 


Lemma 8.10. If £{X) = 02((logA) ^), then for k>2, 


f 


sm{tx/X‘^ + m?) 

VA^ + 


Ax(A)^(A)dA 


Further, 


poo 

/ COS {tx/ A^ + m‘^)Xx{X)£{X) dX 

Jo 


1 


t(logt)^“i' 

1 


t > 2. 


t > 2 . 


t{logt)^~^ ’ 

Proof. The proof follows as in the proof of Lemma 13.51 with the modifications made above 
in Lemmas 18.81 and 18.91 

□ 


For completeness, we include the following bound which follows from a simple integration 
by parts. 


Lemma 8.11. One has the bounds 
sin(t\/A^ + m^) 


f 


VA^ + 


Ax(A) dX 


cos {tx/ A^ + vn?)Xx{X) dX 


8.2. Spatial Integral Estimates. The following bound is needed to show that certain 
operators are bounded. The proof is straight-forward and can be found in, for example 


Lemma 8.12. Fix ui,U 2 E M"- and let 0 < k,i < n, ft > 0, k + i + j3 > n, k + i ^ n. We 
have 


I 

Jw 


(z) 


-h- 


1 lA’I \f 

\z — Ui\^\z — U2\ 


dz< 


( 1 

\UI—U2 


1 -^'|max(0,fc+£-n) - U 2 I < 1 

1 \mm(k,i,k-\-£-\-3—n) , , - 

' \Ui — U2\ > 1 


1 V 

-Uo\) 


\U1-U2 
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